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1. Exercise (4 points).
Let (M,g) be a semi-Riemannian manifold. Let f ∈ C∞(M) and p ∈ M be a stationary
point of f . Show the following:

a) The Hessian of f in p, defined by Hessp f = ∇df∣p ∈ ⊙
2 T ∗

pM , is independent of
the chosen connection (or the semi-Riemannian metric, if we consider Levi-Civita
connections).

b) If p is a local maximum, then Hessp f is negative semi-definite.

c) If Hessp f is negative definite, then p is a local maximum of f .

Hint: Recall that ∇df(X,Y ) = ∂X∂Y f − ∂∇XY f for X,Y ∈ Γ(TM) by definition.

2. Exercise (4 points).
Let (M,g) be an n-dimensional Riemannian manifold. Suppose that u ∶M → (0,∞) is a
smooth solution of the equation

Lgu = cu(n+2)/(n−2).

a) Assume that g̃ = φ4/(n−2)g for some smooth function φ ∶ M → (0,∞). Show that
ũ ∶= φ−1u satisfies

Lg̃ũ = cũ(n+2)/(n−2).

Furthermore prove that for p = 2n/(n − 2) we have

∥u∥Lp(M,g) = ∥ũ∥Lp(M,g̃) ∈ [0,∞].

b) Let Φ ∈ Conf(M,g). Define the function φ ∶M → (0,∞) by requiring Φ∗g = φ4/(n−2)g.
Then show that ũ ∶= φΦ∗u = φ ⋅ (u ○Φ) is again a solution of

Lgũ = cũ(n+2)/(n−2).

Furthermore prove that for p = 2n/(n − 2) we have

∥u∥Lp(M,g) = ∥ũ∥Lp(M,g) ∈ [0,∞].

Hint: Both parts can be shown similarly, using the relation between Lg and Lg̃ mentioned
in the lecture. One also may use (a) to prove (b); in fact both parts are even equivalent.

3. Exercise (4 points).
Let gsph be the standard metric on Sn and geucl the Euclidean metric on Rn−1. Verify that
the stereographic projection σ∶ (Sn ∖ {e0}, gsph) → (Rn−1, geucl) is conformal by explicitly
calculating

(σ−1)∗gsph∣x =
4

(∥x∥2 + 1)2
geucl∣x.

Hint: In case you do not see how to make this calculation, reading in the Yamabe script
by Ammann and Bär might help.


