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Dirac eigenvalues and total scalar curvature
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Abstract

It has recently been conjectured that the eigenvalues λ of the Dirac
operator on a closed Riemannian spin manifold M of dimension n ≥ 3
can be estimated from below by the total scalar curvature:

λ2 ≥ n

4(n− 1)
·
∫
M S

vol(M)
.

We show by example that such an estimate is impossible.
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1 Introduction

Let M be a closed Riemannian spin manifold of dimension n ≥ 2. Then
the eigenvalues of the Dirac operator D acting on spinors form a discrete
subset of R with finite multiplicities. Let S : M → R denote the scalar
curvature of M . Let ∇ be the Levi-Civita connection on spinors. From the
Schrödinger-Lichnerowicz formula [10, 9]

D2 = ∇∗∇+
S

4
(1)

it is clear that all eigenvalues λ of D must satisfy

λ2 ≥ 1

4
min
x∈M

S(x) (2)
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because ∇∗∇ is a nonnegative operator. Of course, this is interesting only if
the scalar curvature is positive but then the estimate (2) is never sharp.

The first sharp estimate was given by T. Friedrich who proved

Friedrich inequality [5]. Let M be a closed Riemannian spin manifold of
dimension n ≥ 2. Then all eigenvalues λ of the Dirac operator D satisfy

λ2 ≥ n

4(n − 1)
min
x∈M

S(x).

This estimate is sharp in the sense that there are manifolds of positive scalar
curvature where equality is attained for the eigenvalue of smallest modulus.
The round sphere is the simplest such example. Friedrich’s proof is based on
a modification of the Levi-Civita connection and a formula similar to (1).

Still, the Friedrich inequality is nontrivial only if the scalar curvature is
strictly positive. To allow at least some negative scalar curvature it can be
improved in two ways. The first one works if the dimension is n ≥ 3.

Hijazi inequality [7]. Let M be a closed Riemannian spin manifold of
dimension n ≥ 3. Then all eigenvalues λ of the Dirac operator D satisfy

λ2 ≥ n

4(n− 1)
µ1

where µ1 is the first eigenvalue of the Yamabe operator Y = 4 · n−1
n−2
·∆ + S.

Since ∆ is a nonnegative operator the Hijazi inequality implies the Friedrich
inequality if n ≥ 3. Hijazi’s proof uses Friedrich’s modification of the Levi-
Civita connection and a clever conformal change of the metric. In dimension
n = 2 one can use a more complicated modification of the Levi-Civita con-
nection and the Gauss-Bonnet theorem to show

Bär inequality [1, 2]. Let M be a closed and connected Riemannian spin
manifold of dimension n = 2. Then all eigenvalues λ of the Dirac operator
D satisfy

λ2 ≥ 2π · χ(M)

area(M)

where χ(M) is the Euler number of M .
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The estimate is nontrivial only if the surface is of genus 0 but this does not
come as a surprise because surfaces of genus ≥ 1 are know to have the Dirac
eigenvalue 0 for suitable choice of spin structure and Riemannian metric.

It is now tempting to search for an improvement of the Hijazi inequality and
to conjecture the following

Conjecture [6]. Let M be a closed Riemannian spin manifold of dimension
n ≥ 2. Then all eigenvalues λ of the Dirac operator D satisfy

λ2 ≥ n

4(n − 1)

∫
M
S

vol(M)
. (3)

In dimension 2 this is exactly the Bär inequality. Unfortunately, the conjec-
ture is false for n ≥ 3 as we shall see. We will prove

Theorem. Let M be a closed spin manifold of dimension n ≥ 3. Then there
exist constants 0 < C1 ≤ C2 ≤ . . . and a set P of Riemannian metrics on M
such that

• The kth Dirac eigenvalue λk(g) (ordered by magnitude of its modulus)
for the Riemannian metric g is bounded by Ck,

λk(g)2 ≤ Ck

for all g ∈ P.

• The normalized total scalar curvature for the Riemannian metric g is
unbounded from above,

sup
g∈P

∫
M
Sg

volg(M)
=∞.

Therefore an estimate of the type

λ2
k ≥ C(k, n) ·

∫
M
S

vol(M)

is impossible in dimension n ≥ 3.
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2 Pinocchio Metrics

In this section we will prove the theorem by explicitly constructing the set
of metrics P with the desired properties. Let M be a closed differentiable
manifold of dimension n ≥ 3 and a fixed spin structure. We choose a Rie-
mannian metric g0 on M such that (M, g) contains an embedded Euclidean
ball B of radius 1.

M

B

Fig. 1

Write the Euclidean ball B as a union of two annuli and one smaller ball,
B = A1 ∪ A2 ∪ A3, where A1 = {x ∈ Rn | 2/3 ≤ |x| ≤ 1}, A2 = {x ∈
Rn | 1/3 ≤ |x| ≤ 2/3} and A3 = {x ∈ Rn | |x| ≤ 1/3}. Now fix two
parameters 0 < r < 1 and L > 0. Choose a Riemannian metric gr,L on M
with the following properties:

• gr,L coincides with g0 on M −B
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• gr,L is independent of L on A1 and on A3

• (A2, gr,L) is isometric to Sn−1(r)× [0, L] with the product metric where
Sn−1(r) denotes the round sphere of constant sectional curvature 1/r2.

M

A1

A2

A3

Fig. 2

Heuristically, there is a nose of radius r and length L growing out of the
ball. For this reason we call these metrics Pinocchio metrics1. We set P :=
{gr,L | 0 < r < 1, L > 0} and we check the properties required in the
theorem.

Claim 1. The kth eigenvalue λk(r, L)2 of the square D2
gr,L

of the Dirac
operator (w.r.t. the metric gr,L) is bounded from above by a constant Ck > 0
independent of r and L.

1We are indebted to A. Hornecker for suggesting this name. There was another sugges-
tion by L. Seeger to call them Viagra metrics which we rejected with regard to our readers
under age.
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The proof is very simple. Choose a k-dimensional vector space Vk of spinors
ψ on M vanishing on B. Then ψ ∈ Vk can be considered a spinor for all
metrics gr,L. We plug it into the Rayleigh quotient for the Dirac operator to
get

λk(r, L)2 ≤ sup
ψ∈Vk,ψ 6=0

∫
M
〈D2

gr,L
ψ, ψ〉gr,L∫

M
〈ψ, ψ〉gr,L

= sup
ψ∈Vk,ψ 6=0

∫
M
〈D2

g0
ψ, ψ〉g0∫

M
〈ψ, ψ〉g0

=: Ck.

Claim 2. The normalized total scalar curvature is unbounded from above for
r ∈ (0, 1) and L ∈ (0,∞).

Let ωk denote the volume of the k-dimensional unit sphere. We compute∫
M
Sgr,L

volgr,L(M)
=

∫
(M−B)∪A1∪A3

Sgr,L +
∫
A2
Sgr,L

volgr,L((M −B) ∪A1 ∪ A3) + volgr,L(A2)

=

∫
(M−B)∪A1∪A3

Sgr,L + L · (n−1)(n−2)
r2 · rn−1 · ωn−1

volgr,L((M −B)∪ A1 ∪A3) + L · rn−1 · ωn−1

−→ (n − 1)(n − 2)

r2

for L → ∞ because on M − A2 the metric gr,L does not depend on L by
construction. Hence

sup
L>0

∫
M
Sgr,L

volgr,L(M)
≥ (n − 1)(n − 2)

r2

and therefore

sup
L>0, 0<r<1

∫
M
Sgr,L

volgr,L(M)
=∞.

This proves the theorem.

3 Concluding Remarks

There is another reason why conjecture (3) cannot be true. Assume that the
closed spin manifold M of dimension n ≥ 3 has a metric g with harmonic

6



spinors. It is known that such a metric always exists if n ≡ 0, 1, 3, 7 modulo
8 [8, 3]. If the conjecture were true, then the total scalar curvature of every
conformally equivalent metric g1 would have to be nonpositive because the
multiplicity of the Dirac eigenvalue 0 is a conformal invariant. But it is well-
known that the total scalar curvature functional is not bounded from above
on any conformal class. Here is the simple argument. Write g1 = u4/(n−2) · g
for some positive function u. Then the scalar curvature of g1 is given by

S1 = u−
n+2
n−2 · Y (u)

where Y is the Yamabe operator as defined in the Hijazi inequality. The
volume element is

dvol1 = u
2n
n−2 dvol

and thus the total scalar curvature is∫
M

S1 dvol1 =

∫
M

u · Y (u) dvol,

cf. [4, Ch. 1.J]. Pick an eigenfunction u of Y for some positive eigenvalue
µ > 0. The function u will not be positive but for ε > 0 we can define
uε :=

√
u2 + ε and we see easily that∫

M

uε · Y (uε) dvol
ε↘0−→

∫
M

u · Y (u) dvol = µ ·
∫
M

u2 dvol

Thus the total scalar curvature functional is not bounded from above on the
conformal class of g.

For the proof of Claim 1 the use of the Dirac operator D was rather inessen-
tial. What we used is this: The operator D2 is elliptic and self-adjoint, it
is computed locally out of the metric and its derivatives, and its eigenvalues
can be characterized by variation of the Rayleigh quotient. The theorem will
still hold with D2 replaced by any other operator having these properties.
For example, we can take the Laplace operator acting on differential forms. If
we denote the kth eigenvalue of the Laplace operator (w.r.t. the Riemannian
metric g) acting on p-forms by λpk(g), then we see that

sup
g∈P

λpk(g) <∞.
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Hence an estimate of the type

λpk ≥ C(k, n) ·
∫
M
S

vol(M)

is also impossible in dimension n ≥ 3.
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