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Abstract. We prove a positive mass theorem for some noncompact spin manifolds that
are asymptotic to products of hyperbolic space with a compact manifold. As a conclusion
we show the Yamabe inequality for some noncompact manifolds which are important to
understand the behaviour of Yamabe invariants under surgeries.

1. Introduction

Let (M, g) be a Riemannian manifold of dimensionm ≥ 3. For compactly supported smooth
functions u : M → R, u 6≡ 0, we define

Q∗M (u) :=

∫
M
uLgudvolg

‖u‖2p
and Q∗(M, g) := inf

u
Q∗M (u)

where p = 2m
m−2 and Lg = am∆g + scalg is the conformal Laplacian, am = 4m−1

m−2 . The
quantity Q∗(M, g) is a conformal invariant — the so-called Yamabe constant which was
defined in order to solve the Yamabe problem. This problem consists of finding a metric
with constant scalar curvature in a given conformal class on a given compact manifold.
One of the main steps in the solution of the Yamabe problem is to prove the inequality

Q∗(Mm) < Q∗(Sm) (1)

for compact manifolds not conformally diffeomorphic to the standard sphere. Form ≥ 6 and
M not conformally flat, inequality (1) was proven by Aubin using a test function supported
in an arbitrarily small ball around a point with non-vanishing Weyl curvature, see [9, p. 292].
This argument also holds for non-compact manifolds that are not conformally flat in the
case m ≥ 6. The remaining cases for compact M were solved by Schoen in [20] using the
positive mass theorem [21, 22].
The present article is motivated by the question whether Schoen’s method also provides
inequality (1) for a certain class of non-compact manifolds, in particular we are interested
in the manifolds Sn×Hk+1

c , c ∈ [0, 1], which play a central role in the surgery monotonicity
formula for the Yamabe constant of compact manifolds in [3]. Here Hk+1

c denotes the simply
connected complete Riemannian manifold of sectional curvature −c2 and of dimension k+1
and gc denotes its Riemannian metric, and Sn is the n-dimensional sphere with its standard
metric σn. For k = 0 this means that H1

c is the Euclidean space R1. The Yamabe constants
of the spaces Sn ×Hk+1

c were already intensively discussed in [5]. We now prove:

Theorem 1.1. Let m = n+ k + 1, m ≥ 3, k > 0, and c ∈ [0, 1). Then

Q∗(Sn ×Hk+1
c , σn + gc) < Q∗(Sm, σm).

In the case m ≥ 6 the corollary is an immediate consequence of Aubin’s construction of a
local test function as mentioned above. The case n = 1 follows from a known elementary
estimate. The main objective of the article is to prove the theorem for the missing cases,
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i. e. for m = 4, 5 and n ≥ 2. Their proof relies on a positive mass theorem (Theorem 1.2)
presented below.
Note that if k = 0 or if c = 1, then Q∗(Sn × Hk+1

c , σn + gc) = Q∗(Sm, σm), as in this case
(Sn ×Hk+1

c , σn + gc) is conformal to an open subset of (Sm, σm).
Theorem 1.1 is helpful as it implies, see [5, Section 10], that the infimum in the definition
of Q∗(Sn × Hk+1

c , σn + gc) and the infimum in the definition of its spinorial analogue are
attained, and thus the Yamabe constants coincide with some related alternatively defined
quantities, see again [5, Section 10].
Yamabe constants of related manifolds were already discussed in previous publications. The
cylindrical Yamabe constant in [1] is in our notation Q∗(N ×Hk+1

1 ) for k = 0 and N closed.
Spaces of the form N ×Hk+1

c , N closed, are also important in [2] where Yamabe constants
on pseudomanifolds are studied. Assume that p is a point in a k-dimensional stratum
of a pseudomanifold M and assume that the geometry in a neighborhood is modeled by
Rk ×C(N), where C(N) is the cone over N with the metric dt2 + t2gN . Note that t−2(g0 +

dt2 + t2gN ) = e2ug0 +du2 +gN , u = − log t, is isometric to N×Hk+1
1 and thus Q∗loc(M,p) :=

limr→0Q
∗(Br(p) ⊂ M) coincides with Q∗(N × Hk+1

1 ). In [2], the local Yamabe invariant
was defined as the infimum of Q∗loc(M,p) over all singular points p of M . In particular
if M is a pseudomanifold with simple edges whose links are round spheres, then the local
Yamabe constant of M equals infcQ

∗(Sn ×Hk+1
c ) where the infimum runs over all radii of

the spheres representing the links.
Now let us turn to the positive mass theorem mentioned above which is the central ingredient
in the proof of Theorem 1.1 in the non-trivial cases.

Theorem 1.2 (Positive mass theorem, special case of Theorem 5.1). Let m = n + k + 1,
m ∈ {3, 4, 5}, k ≥ 0, and c ∈ [0,∞). Let (Zm = Nn×Hk+1

c , g = gN + gc). Assume that Nn

is a closed Riemannian spin manifold with constant scalar curvature and assume that

scalN > c2k
n− 1

m− 2
. (2)

Then the mass of (Z, g) is nonnegative.
Moreover, if the mass of (Z, g) is zero, then (Z, g) = Sm−1

c ×R or (Z, g) = Sm−k−1
c ×Hk+1

c ,
k > 0 and c ∈ (0,∞), where Snc is the rescaled standard sphere with sectional curvature c2.

Let us now discuss the proof, the relevance and the extensions of this theorem.
The condition 2 is needed to define the mass of (Z, g), the definition of the mass requires
a distinguished Green function for the conformal Laplacian. For our purpose this will be
achieved by demanding the invertibility of the conformal Laplacian as a densely defined
unbounded operator on L2-function, cf. Remark 2.5. This invertibility is equivalent to 2,
see Example 5.3 for details.
The mass is then the zero order term in the asymptotics of the Green function in conformal
normal coordinates with respect to a given base point, and this mass is well-defined if
m ∈ {3, 4, 5} of if (Z, g) is conformally flat in a neighborhood of the basepoint.
The proof for Theorem 1.2 actually applies to a larger class of manifolds. The basic idea
of the proof follows Witten’s proof the positive mass theorem for compact spin manifolds.
In the proof we need some decay estimates for the Green functions which will be given
in Section 4. We obtain a proof of Theorem 5.1 which is more general than Theorem 1.2.
Theorem 5.1 allows manifolds of arbitrary dimensionm ≥ 3 that are asymptotic to manifolds
Z as above assuming a certain symmetry. We refer to Section 5 for details, as we do not
want to introduce the necessary notation here. We also think that Theorem 5.1 can even
be generalized to a much larger class of non-compact manifolds, e.g. special cases of Lie
manifolds, see e.g. [7]. This would however require other kinds of techniques and thus
cannot be included in this article.
In the case m = 3, the manifolds S2 × R and RP 2 × R are the only manifolds satifying the
assumptions of Theorem 1.2. It is already known that the mass of S2 ×R vanishes (as it is
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conformal to S3 \ {p,−p}) and that the mass of RP 2 × R is positive (using methods from
[22]). The important cases for Theorem 1.2 are thus m = 4 and m = 5.
The mass we are considering in this article is strongly related to the ADMmass introduced by
Arnowitt-Deser-Misner [8, 11] of a manifold (M \ {p0}, g̃) with an asymptotically Euclidean
end. Here we define g̃ := Γ(., p0)4/(m−2)g (see also the proof of Theorem 3.1) where Γ is the
Green function (see Theorem 2.2). Note that (M \{p0}, g̃) has two ends: the asymptotically
hyperbolic one from (M, g) and an Euclidean one which is created by the above construction.
Positivity of the ADM mass of (M \ {p0}, g̃) is equivalent to positivity of the mass in our
sense (this follows e.g. from [23, Prop. 4.1]).
To avoid missunderstandings we should point out that there are other notions of a mass
of an asymptotically hyperbolic manifold, see e.g. [12, 24, 13], that measure how much the
asymptotically hyperbolic end deviates from being hyperbolic in the strict sense. These
quantities are not directly related to the mass used in our article.
Thus, this article does not aim to generalize previous positive mass theorems from asymp-
totically Euclidean ends to other types of ends. Our goal is to prove a positive mass theorem
for manifolds which may have additional ends, in order to allow applications to the Yamabe
problem on non-compact manifolds.
Acknowledgement. We thank an anonymous referee for many helpful comments.

2. Preliminaries

2.1. Notations. In the article a spin manifold always means a manifold admitting a spin
structure together with a fixed choice of spin structure. The notion of spin structures can
be defined for arbitrary oriented manifolds, but as soon as we have a Riemannian metric it
yields a spin structure in the sense of Spin(n)-principal bundles.
For a Riemannian spin manifold (M, g) we will always write ΣM for the spinor bundle. The
Dirac operator on (M, g) is denoted by Dg.
Moreover, B̄r(x) denotes the closed ball around x ∈M of radius r w.r.t. the metric g.
Furthermore, Sk always denotes the sphere with sectional curvature 1 and the corresponding
metric is denoted by σk.
We often write Hk+1

c in polar coordinates, i.e. Hk+1
c \{p0} = Sk× (0,∞)/ ∼ with the metric

gc = sinhc(r)
2σk + dr2 where sinhc(r) := 1

c sinh(cr) for c > 0, sinh0(r) := r and where σk

denotes the standard metric on Sk.

2.2. Green functions and ADM mass. In this section, we collect existence results for
the Green function of the conformal Laplacian and the Dirac operator and give the definition
of the mass which essentially goes back to Arnowitt, Deser and Misner.
In the following we will say that the Dirac operator resp. the conformal Laplacian is invertible
if it is invertible in the sense of a densely defined unbounded operator on the space of L2-
spinors resp. L2-functions.

Theorem 2.1. Let (Mm, g) be a complete Riemannian spin manifold with positive injec-
tivity radius. Assume that for an r > 0 that is smaller than the injectivity radius there are
constants C1, C2 > 0 with C1 ≤ vol(Br(x), g) ≤ C2 for all x ∈ M . Let the Dirac operator
Dg be invertible. Then, Dg posesses a unique Green function, i.e., there is a smooth section
G : M ×M \∆→ ΣM �Σ∗M that is locally integrable such that for any x ∈M , ψ0 ∈ ΣM |x,
and ϕ ∈ C∞c (ΣM ) ∫

M

〈G(y, x)ψ0, D
gϕ(y)〉dy = 〈ψ0, ϕ(x)〉

holds and G(., x) ∈ L2(M \ Br(x)) for any r > 0. Here ∆ := {(x, x) ∈ M ×M} is the
diagonal in M ×M .

Proof. For a reference see [4, Prop. 3.6]. In the proof therein of the existence of a Green
function we use the assumption of bounded geometry only for uniform volume bounds and
the positive injectivity radius which we directly put in here as an assumption. �
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Theorem 2.2. Let (Mm, g) be a complete Riemannian manifold with positive injectivity
radius rinj(M). Assume that for some r ∈ (0, rinj(M)/3) there are constants C1, C2 > 0
with C1 ≤ vol(Br(x), g) ≤ C2 for all x ∈M .
(a) Let the conformal Laplacian Lg be invertible as an operator H2

2 ⊂ L2 → L2. Then Lg
admits a unique Green function, i.e. a smooth function Γ: M ×M \∆→ R, such that
• Γ(., y) ∈ L1

loc for all y ∈M ,
• Γ(., y)|M\Br(y) ∈ L2(M \Br(y)) for all y ∈M and all r > 0,
• for all v ∈ C∞c (M) and all y ∈M∫

M

Γ(x, y)Lgv(x) dx = v(y).

(b) Moreover, assume additionally that (M, g) has bounded geometry, and that the spectrum
of Lg is contained in [ε,∞) for an ε > 0. Then Γ is everywhere positive, and for
every fixed y ∈ M the function x 7→ Γ(x, y) and all its derivatives converge for x→∞
towards 0.

(c) Let p0 ∈ U , and we now assume additionally to (b) one of the following conditions:
• m ≥ 6 and on an open subset U 3 p0 the metric g is conformally flat,
• m ∈ {3, 4, 5}

Then the Green function has the following expansion in conformal normal coordinates
as x→ p0

Γ(x, p0) =
1

(m− 2)ωm−1rm−2
+mp0 + o(1), (3)

where r = distg(x, p0), ωm−1 is the volume of Sm−1, and mp0 ∈ R.

Here x→∞ means by definition that x converges to∞ in the Alexandrov compactification
M ∪ {∞}.

Proof.
(a) The proof for the existence of the Green function is done analogously as for the Dirac

operator in [4, Prop. 3.6].
(b) We fix an r > 0. Let Γy : M \ Br(y) → R, x → Γ(x, y). In order to prove the decay

estimates, we argue by contradiction. So we assume that there assume is an ` ∈ N0

and a sequence xi →∞ with lim infi→∞ |∇`Γx(xi)| > 0. We can assume that the balls
Br(xi) are pairwise disjoint and that they are disjoint from Br(y). Then

∞ > ‖Γy‖2L2(M\Br(y)) ≥
∑
i

‖Γy‖2L2(Br(xi))
,

thus ‖Γy‖L2(Br(xi)) → 0 for i → ∞. On these balls Γy satisfies LgΓy = 0. Expressing
this equation in normal coordinates centered in each xi, we obtain a family of smooth
functions ui defined on the ball Ω := Br(0) in Rm solving Liui = 0 for some elliptic oper-
ators Li whose coefficients satisfy the estimates in the assumptions of [15, Theorem 9.11]
uniformly in i. The elliptic estimates in [15, Theorem 9.11] then yield

‖ui‖H2
2 (Br/2(0)) ≤ C1‖ui‖L2(Br(0))

for some constant C1, and this is equivalent to the statement

‖Γy‖H2
2 (Br/2(xi)) ≤ C2‖Γy‖L2(Br(xi)),

for some C2, where H2
k is the Hilbert space of L2-functions whose derivatives up to

order k are again in L2.
Similarly, we obtain, using [15, Theorem 8.10]

‖Γy‖H2
k(Br/3(xi)) ≤ C3‖Γy‖H2

1 (Br/2(xi)) ≤ C4‖Γy‖L2(Br(xi)) → 0.

Together with the Sobolev embedding theorems this implies the stated decay estimates.
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In order to obtain positivity, we fix y ∈M and define the function

u(x) := −min{Γ(x, y), 0} =


0 if x = y,

0 if Γ(x, y) > 0

−Γ(x, y) if Γ(x, y) ≤ 0

For x = y we use the convention Γ(y, y) = ∞ > 0. The function u is in H2
1 and

away from the zero set of Γy it is a smooth solution of Lgu = 0. For δ ≥ 0 we define
Ωδ := {x ∈ M \ Br(y) | Γy(x) ≤ −δ}. Using Sard’s lemma, we can choose a sequence
δi → 0, such that −δi < 0 is a regular value of Γy. In particular, the boundary of
Ωi := Ωδi is smooth. Let ν = −gradΓy/|gradΓy| be the inner normal of its boundary.
We get∫
M

(am|du|2 + scalgu
2) dvolg =

∫
Ω0

(am|dΓy|2 + scalgΓ
2
y) dvolg

= lim
i→∞

∫
Ωi

(am|dΓy|2 + scalgΓ
2
y) dvolg

= lim
i→∞

(∫
Ωi

Γy(LgΓy︸ ︷︷ ︸
=0

) dvolg − am
∫
∂Ωi

Γy ∂νΓy︸ ︷︷ ︸
−|gradΓy|

dsg

)

= −am lim
i→∞

δi

∫
∂Ωi

|gradΓy|dsg

≤ 0

This implies the contradiction that the spectrum of Lg cannot be bounded from below
by ε > 0.

(c) For the expansion of the Green function in normal coordinates see e.g. [17, Prop. 2.1].
�

Remark 2.3. In the case (Mm = Hk+1
c ×Nn, g = gc+gN ), (N, gN ) closed, the invertibility

of Lg already implies that the spectrum of Lg is contained in [ε,∞) for some ε > 0. To see
this, we write Lg = L1 + L2 where L1 = am∆Hk+1

c
− c2k(k + 1) and L2 = am∆N + scalN .

This implies Spec(Lg) = Spec(L1) + Spec(L2). As the spectrum of the Laplacian on Hk+1
c

is [c2k2/4,∞) we get Spec(L1) = [amc
2 k2

4 − c
2k(k + 1),∞) = [−c2k n−1

m−2 ,∞). Now, if λ2 is
the smallest eigenvalue of L2 (and thus λ2 := inf Spec(L2) ≥ infN scalN ), then we obtain
Spec(Lg) = [λ2 − c2k n−1

m−2 ,∞). If 0 /∈ Spec(Lg), then we can choose ε = λ2 − c2k n−1
m−2 > 0.

Remark 2.4. As a corollary of Theorem 2.2 we also obtain the symmetry of the Green
function, i.e. Γ(x, y) = Γ(y, x) for all x 6= y. We will not use this fact, but we give a short
argument as a reference for future work.
Let Γi(x) := Γ(x, yi) for i = 1, 2 and let Kj be a compact exhaustion of M with smooth
boundary. Then by Green’s identity∫

Kj

(Γ1LgΓ2 − Γ2LgΓ1) dvolg =

∫
∂Kj

(Γ1∂νΓ2 − Γ2∂νΓ1) dsg

For j → ∞ the right hand side vanishes by Theorem 2.2 (b). Using the definition of Γ we
get

0 = lim
j→∞

∫
Kj

Γ1(x)δy2(x)− Γ2(x)δy1(x)dvolg = Γ(y2, y1)− Γ(y1, y2).

Remark 2.5. For the definition of a mass one needs an assumption on the asymptotics
for a Green function. But in order to obtain a mass that – if defined – only depends
on the underlying manifolds and a base point one needs a distinguished Green function.
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This is achieved here by requiring L2-invertibility which gives a unique Green function with
L2-decay.

Definition 2.6. The constant mp0 in (3) is called the mass at p0.

Fix p0 ∈M and ψ0 ∈ ΣM |p0 . For the rest of the article we set

u(.) := Γ(., p0) and ψ(.) := G(., p0)ψ0.

2.3. Symmetries. In this section we introduce the manifolds MZ we merely want to con-
sider in this paper. Moreover, we collect the implications of the symmetry assumptions on
MZ on the Green functions.

Definition 2.7 (Model spaces at infinities). Let (Nn, gN ) be a closed Riemannian spin
manifold of dimension n ≥ 0, and let f : [a,∞) → R be a smooth positive function such
that f(r)→∞ and f−1(r)f ′′(r)→ c2 as r →∞ for some c ≥ 0. Set

(Zm, gZ) = (N × Sk × (a,∞), gN + f(r)2σ + dr2)

with m = n+ k + 1.

Remark 2.8.
(i) Similar to [4, Sect. 4.2] the action of SO(k+1) on Sk induces an isometric action on Z

that lifts to a Spin(k + 1)-action on the spinor bundle.
(ii) The conditions f(r) → ∞ and f−1(r)f ′′(r) → c2 imply f ′(r)f−1(r) → c as r → ∞.

In order to see this, we rewrite this as a system of first order ordinary differential
equations and use Theorem 4.1. Thus, by scalg = scalN + f(r)−2scalSk − n(n −
1)f(r)−2(∂rf(r))2 − 2nf(r)−1∂2

rf , cf. [14, Thm. 2.1], scalg → s := scalN − k(k + 1)c2

as r →∞.
(iii) The unnormalized mean curvatures of N × Sk and Sk in Z are both given by H(r) =

f ′(r)f−1(r) which due to (ii) is asymptotically constant.
(iv) The main examples we have in mind for the model spaces are Z = Hk+1 × N for

f(r) = sinh(r), a = 0, c = 1 and Z = Rk+1 ×N for f(r) = r, a = 0, c = 0.

Definition 2.9. From now on assume that (MZ , g) is an m-dimensional connected Rie-
mannian spin manifold with an isometric SO(k+1)-action with a lift to a Spin(k+1)-action
on the spinor bundle. Moreover, MZ shall be Spin(k + 1)-equivariantly spin isometric to
(Z, gZ) outside a compact subset.

Remark 2.10. Note that by f−1f ′′ → c2 and f →∞, the manifold has positive injectivity
radius and its curvature tensor is uniformly bounded. Thus, by comparison theorems we have
the uniform volume bounds required in the results on the Green function in Subsection 2.3.

Lemma 2.11. Let the conformal Laplacian on MZ be positive, and let the Dirac operator
on MZ be invertible. Then, the Green function Γ of the conformal Laplacian on MZ is
SO(k + 1)-equivariant and, thus, u|Z , cf. Definition 2.6, is only a function in r. Moreover,
the Green function of the Dirac operator on Mm

Z is Spin(k+ 1)-equivariant. Then, we have
(DSk)2ψ|Z = k2

4 ψ|Z for ψ as in Definition 2.6 and where the DSk is the Dirac operator
along the Sk component in Z.

Proof. Since the Green function and the conformal Laplacian are both SO(k+ 1)-invariant,
it follows by the uniqueness of the Green function that u|Z is only a function of r.
The claim for ψ is proven completely analogously to [4, Lem. 5.3]. �

3. Positive mass theorem and decay of the Green functions

In [25] E. Witten gave a proof of the positive mass conjecture for spin manifolds. A simplified
version of this proof was given by E. Humbert and the first author in [6]. In this section we
examine conditions such that the result remains true for general non-compact spin manifolds.
For that we need to assume decay conditions for the involved Green functions in order to
show convergence of some integrals at infinity.
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Theorem 3.1. Let (M, g) be of bounded geometry. Let the spectrum of Lg be contained in
R>0 and let the Dirac operator be invertible. Let p0 ∈ M , u and ψ be as in Definition 2.6.
Assume that if dim ≥ 6 the metric is conformally flat in a neighbourhood of p0. Let K be
a compact subset of M , and R : M \ K → (0,∞) be a smooth proper function such that
for all r > 0 the set Sr := {x ∈ M \ K | R(x) = r} is a smooth hypersurface in M and
Br := K ∪

⋃
r′≤r Sr′ is a compact subset of M with boundary Sr. Let ν be the outer normal

of Sr = ∂Br. Assume that there are constants Ci > 0 (i = 1, 2, 3), r0 > 0, α1 ≥ α2 > 0,
β > 0 such that for all x ∈ Sr with r > r0 we have

|u(x)| ≥ C1e
−α1r |∂νu(x)| ≤ C2e

−α2r

and
|ψ(x)| ≤ C3e

−βr |∇νψ(x)| ≤ C3e
−βr

and
m

m− 2
α1 − α2 < 2β. (4)

Then, the mass at p0 is nonnegative. If the mass is zero, then M \ {p0} carries a conformal
metric that is flat and admits a basis of parallel spinors.

Note that we indeed require an estimate by below on |u(x)| in contrast to the other estimates
which are estimates from above.

Proof. We use the notations given in Subsection 2.2 and follow the idea of the proof of [6,
Thm. 2.2]. Note that in the published version of [6] a small term was omitted, see the
arXiv version. Moreover, note that by Theorem 2.2 u is a positive function. Set g̃ = u

4
m−2 g

and ψ̃ = u−
m−1
m−2ψ. Then (M \ {p0}, g̃) has zero scalar curvature and D̃ψ̃ = 0 on M \ {p0}.

Thus, by the Schrödinger-Lichnerowicz formula ∇̃∗∇̃ψ̃ = 0. Moreover, ∂ν̃ = −u−
2

m−2 ∂ν has
length one w.r.t. g̃.
As in [6, Proof of Thm. 2.2], using ∇̃∗∇̃ψ̃ = 0 and partial integration we obtain

2

∫
M\Bp0 (ε)

|∇̃ψ̃|2dvolg̃ =

∫
Sp0 (ε)

∂ν̃ |ψ̃|2dsg̃ + lim
r→∞

∫
Sp0 (r)

∂ν̃ |ψ̃|2dsg̃.

If limr→∞
∫
Sp0 (r)

∂ν̃ |ψ̃|2dsg̃ = 0, then the non-negativity of the mass follows as in the com-
pact case, see [6, Proof of Thm. 2.2 and Sect. 3]. Here we restrict to prove the vanishing of
the limit from above: We have∫

Sp0 (r)

∂ν̃ |ψ̃|2dsg̃ =−
∫
Sp0 (r)

u2∂ν |u−
m−1
m−2ψ|2dsg

=−
∫
Sp0 (r)

u−
2

m−2 ∂ν |ψ|2dsg + 2
m− 1

m− 2

∫
Sp0 (r)

u−
m
m−2 |ψ|2∂νudsg.

Using the decay estimates we obtain∣∣∣∣∣
∫
Sp0 (r)

u−
2

m−2 ∂ν |ψ|2dsg

∣∣∣∣∣ ≤ Ce( 2
m−2α1−2β)r

and ∣∣∣∣∣
∫
Sp0 (r)

u−
m
m−2 |ψ|2∂νudsg

∣∣∣∣∣ ≤ Ce( m
m−2α1−α2−2β)r.

Since m
m−2α1 − α2 < 2β implies that 2

m−2α1 < 2β, both integrals go to zero as r → ∞.
Thus, the mass at p0 is nonnegative.
Assume now that the mass is zero, then as in the compact case ∇̃ψ̃ = 0, cp. [6, Thm. 2.2].
Moreover, since the choice of ψ0 in the definition of ψ is arbitrary, we again obtain a basis of
parallel spinors on (M \{p0}, g̃). Thus, (M \{p0}, g̃) is flat, and (M \{p0}, g) is conformally
flat. �
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4. Green function estimates for MZ .

We consider a spin manifold (Mm
Z , g) as introduced in Definition 2.9. The aim of this

section is to provide estimates for the corresponding Green functions as required to apply
Theorem 3.1.

4.1. Perturbation of linear systems of ODE. In order to estimate the Green functions
we need the asymptotic behaviour for certain perturbed differential equations. We cite here
a result that can be found in more general versions, e.g. in [16, I.2 Thm. (*)], [19, Satz 13].

Theorem 4.1. Let x(t) denote a function in t ∈ [t0,∞) with values in Cd. Let J ∈Md(C),
let G : [t0,∞) → Md(C) be continuous where Md(C) denotes the sets of d × d complex
matrices. Moreover let G(t)→ 0 as t→∞. Let r1, . . . , rd be the real parts of the eigenvalues
of J – listed with multiplicities. Then the differential equation

x′ = (J +G(t))x

has linearly independent solutions x1(t), . . . , xd(t) with the following property: For all ε > 0
there is t1 such that for all t ≥ t1

|xi(t1)|e(ri−ε)(t−t1) ≤ |xi(t)| ≤ |xi(t1)|e(ri+ε)(t−t1).

4.2. Estimating the Green function of Lg.

Lemma 4.2. Let (Mm
Z , g) be as in Definition 2.9. Let the spectrum of conformal Laplacian

Lg of (MZ , g) be contained in R>0. We use the definitions and notations from Subsection 2.2.
Then for every ε > 0 there is an r0 > 0 such that for all x = (xN , xS, r) ∈ N × Sk × [r0,∞)
we get

u(x) ≥ C0e
−α+r and |∂ru(x)| ≤ C1e

−α−r,

where

α± =
kc

2
± ε+ Re

√
k2c2

4
+

scal± − c2k(k + 1)

am
,

scal+ = supN scalN , scal− = infN scalN , and C0, C1 > 0.

Proof. On M \ {p0} we have Lgu = 0 which reads

∂2

∂2r
u−∆Nu− 1

f(r)2
∆Sku+ k

f ′(r)

f(r)

∂

∂r
u− scalg

am
u = 0 (5)

where scalg = scalN +f(r)−2scalSk −n(n−1)f(r)−2(∂rf(r))2−2nf(r)−1∂2
rf , cf. [14, Thm.

2.1]. Note that by the assumptions on f and its derivatives we have scalg → scalN − k(k +
1)c2 := s as r →∞.
We decompose the space of smooth functions on N × Sk into minimal subspaces which
are generated by common eigenfunctions of the commuting operators ∆N and ∆Sk . If we
extend those eigenfunctions constant in r-direction, we obtain a decomposition of the space
of smooth functions on N × Sk × [a,∞). In that sense we decompose u =

∑
i,l ui,l where

∆Nui,l = µiui,l and ∆Skui,l = λlui,l where 0 = µ0 < µ1 ≤ . . . and 0 = λ0 < λ1 ≤ . . .. Then,
(5) decomposes into the equations

∂2

∂2r
ui,l + k

f ′(r)

f(r)

∂

∂r
ui,l −

(
µi + λlf(r)−2 +

scalg
am

)
ui,l = 0. (6)

which can be written as

∂

∂r

(
ui,l
∂
∂r
ui,l

)
=

((
0 1

µi + s
am

−kc

)
︸ ︷︷ ︸

=:J

+

(
0 0

s−scalg
am

+ f(r)−2λl k
(
c− f ′(r)

f(r)

))
︸ ︷︷ ︸

=:R(r)

)(
ui,l
∂
∂r
ui,l

)

8



Since u ∈ L2, each ui,l ∈ L2 as well. Multiplication of (6) with ui,l and partial integration
shows that ∂rui,l ∈ L2.
Moreover, note that J is constant and that R(r) → 0 as r → ∞. The matrix J has the
eigenvalues αi,± = −kc2 ±

√
k2c2

4 + µi + s
am

. Fix ε > 0. Thus, by Theorem 4.1 and since
ui,l and ∂rui,l are L2 we obtain an r0 > 0 such that for all r ≥ r0

|ui,l(r0)|e(Re αi,−−ε)(r−r0) ≤ |ui,l(r)| ≤ |ui,l(r0)|e(Re αi,−+ε)(r−r0)

and the analogous estimate for ∂rui,l.
By Lemma 2.11 only l = 0 appears. Thus, only the different eigenvalues in N -direction
need to be taken into account. Set ui := ui,0. Note that

∫
N
ui = 0 for all i > 0. But

since u is everywhere positive this implies that u0 cannot be identically zero. Setting α+ :=
supN (−Reα0,−), this concludes the proof of the first estimate.
For the second estimate we first use that ∂ru is in L2 on {r ≥ r0} ⊂ Z and set α−i =
supN Reαi,− to obtain

∞ >

∫
{r≥r0}

|∂ru|2 ≥C
∑
i

∫ ∞
r0

|∂rui|2(f(r))kdr

≥C ′
∑
i

∫ ∞
r0

|∂rui(r0)|2e(ck+2α−i −2ε)(r−r0)dr

≥C ′′
∑
i

|∂rui(r0)|2 1

−2α−i − ck + 2ε
> 0

for positive constants C, C ′, C ′′.
Now we can estimate ∂ru by using the triangle inequality, Cauchy-Schwarz inequality und
the estimates from above:

|∂ru| ≤
∑
i

|∂rui(r0)|e(α−i +ε)(r−r0)

≤

(∑
i

|∂rui(r0)|2 1

−2α−i − ck + 2ε︸ ︷︷ ︸
<∞

) 1
2
(∑

i

(−2α−i − ck + 2ε)e(2α−i +2ε)(r−r0)

) 1
2

≤Ce(α−0 +ε)r

(∑
i

(−2α−i + 2ε)e2(α−i −α
−
0 )(r−r0)

︸ ︷︷ ︸
=:A

) 1
2

.

If we can show that A is bounded, then the upper bound is established for −α− := α−0 :
Since α−i > α−0 for all i > 0, it is enough to bound

∑
i(−2α−i + 2ε)e2α−i (r−r0).

Let N(x) := |{i | µi ≤ x}|. Then, N(µi−1) ≤ i ≤ N(µi). Together with Weyl’s asymptotic
law there is an i0 > 0 and an δ > 0 such that for all i ≥ i0, x ≥ µi0 we have

2
√
µi ≥ −α−i ≥

√
µi and |N(x)x−k/2 − c| ≤ δ

(where c depends on the geometry of Sk). Thus, (c − δ)µk/2i ≤ N(µi) ≤ i + 1 ≤ 2i and
(c+ δ)µ

k/2
i ≥ N(µi) ≥ i and we obtain for r > r1 > r0∑

i≥i0

(−2α−i + 2ε)e2α−i (r−r0) ≤ 2
∑
i≥i0

(2
√
µi + ε)e−2

√
µi(r1−r0) ≤ c0

∑
i≥i0

(i1/k + c1)e−c2i
1/k

where c0, c1, c2 are positive constants. The last sum converges since the integral
∫∞
R

(x
1
k +

c1)e−c2x
1
k dx is finite for R > 0. Thus, for r ≥ r1 the term A is bounded. �
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4.3. Green function of the Dirac operator. Similarly as in the last subsection we want
to estimate the Green function of the Dirac operator on (MZ , g). Again we use the notations
and definitions of Subsection 2.2.
As in [4, Sect. 6] we decompose the space of spinors restricted to N × Sk × {r1} into
complex subspaces of minimal dimensions which are invariant under DN , DSk , and ∂r·.
Such spaces have a basis of the form ψ, ∂r ·ψ, Pψ, and ∂r ·Pψ, where ψ satisfies DNψ = λψ,
(DSk)2ψ = ρ2ψ, and P := DSk/ρ with λ, ρ ∈ R. All these operations commute with parallel
transport in r-direction, so by applying parallel transport in r-direction we obtain spinors
ψ, ∂r · ψ, Pψ, and ∂r · Pψ on Z = N × Sk × [a,∞) with similar relations, and the space of
all spinors of the form

ϕ = ϕ1(r)ψ + ϕ2(r)∂r · ψ + ϕ3(r)Pψ + ϕ4(r)∂r · Pψ

is preserved under the Dirac operator D on Z.
Then the operators discussed above restricted to such a minimal subspace are represented
by matrices and the equation Dϕ = 0 on Z reads as, cp. [4, Proof of Prop. 6.2],

Φ′λ,ρ(r) =

(
A− kc

2
Id︸ ︷︷ ︸

=:J

+
k

2

(
c− f ′(r)

f(r)

)
Id +

ρ

f(r)
B︸ ︷︷ ︸

:=G(r)

)
Φλ,ρ(r).

where Id is the identity matrix and

A :=


0 λ 0 0
λ 0 0 0
0 0 0 −λ
0 0 −λ 0

 , B :=


0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

 ,

The eigenvalues of J are βλ,± = −kc2 ± λ – both of them have multiplicity two. Thus, by
Theorem 4.1 and since Φλ,ρ is L2, for each ε > 0 there is r0 > 0 such that

|Φλ,ρ(r0)|e(Reβλ,−−ε)(r−r0) ≤|Φλ,ρ(r)| ≤ |Φλ,ρ(r0)|e(Reβλ,−+ε)(r−r0).

By Lemma 2.11 only ρ2 = k2

4 occurs, i.e., ρ = ±k2 . Thus, we can proceed completely
analogously as for the estimate of ∂ru in the proof of Lemma 4.2 in order to obtain the
upper decay of ψ and ∂rψ. Then, in total we obtain the following

Lemma 4.3. Let (Mm
Z , g) be as in Definition 2.9. Let the spectrum of conformal Laplacian

Lg of (MZ , g) be contained in R>0. Let the Dirac operator Dg of (MZ , g) be invertible, and
let λ2

N , λN ≥ 0, be the lowest Dirac eigenvalue for the square of the Dirac operator (DN )2

on (N, gN ). Then for ε > 0, there are constants C0, C1 and r0, such that for all r ≥ r0 and
x = (xN , xS, r) ∈ Z we have the estimates (using Definition 2.6)

|ψ(x)| ≤ C0e
−βr and |∇rψ(x)| ≤ C1e

−βr,

where β = kc
2 + λN − ε.

5. Proof of Theorem 1.2

With the preparations on the Green function decay on (MZ , g) in the last two subsections
we are now ready to apply Theorem 3.1.

Theorem 5.1 (Positive mass theorem for asymptotically hyperbolic manifolds). Let (Mm
Z , g)

be a Riemannian spin manifold as described above, for a precise definition see Definitions 2.7
and 2.9. If m ≥ 6, assume additionally that there is a point p ∈ M such that (MZ , g) is
conformally flat on a neighbourhood of p. We assume that the spectrum of the conformal
Laplacian on (MZ , g) is contained in [δ,∞) for a δ > 0 and that the Dirac operator on

10



(MZ , g) is invertible as densely defined unbounded operator on L2-spinors. Furthermore, we
assume

kc(3−m)

m− 2
+

m

m− 2
Re

√
b+

supN scalN
am

− Re

√
b+

infN scalN
am

< 2λN (7)

where λ2
N , λN ≥ 0, is the smallest eigenvalue of the square of the Dirac operator on N , and

b := −kc
2(n− 1)

4(m− 1)
.

Moreover, let amb+ infN scalN > 0. Then the mass of (MZ , g) is nonnegative.
Moreover, if the mass of (MZ , g) is zero, then (MZ , g) is conformally equivalent to Sm−k−1×
Hk+1.

Proof. We are in the case n = m − k − 1 > 1, since amb + infN scalN = 0 for n = 1. By
Lemmata 4.2 and 4.3 we can apply Theorem 3.1 for

α1 =
kc

2
+ ε+ Re

√
k2c2

4
+

supN scalN − c2k(k + 1)

am

α2 =
kc

2
− ε+ Re

√
k2c2

4
+

infN scalN − c2k(k + 1)

am

β =
kc

2
+ λN − ε.

Since ε can be chosen arbitrarily small, (7) is exactly the condition assumed in (4). Thus,
we obtain that the mass at p0 is nonnegative.
Assume now that the mass is zero. Then, by Theorem 3.1 M \ {p0} is conformally flat. We
thus can apply the following lemma which was shown in Section B of [18].

Lemma 5.2. Let (Mm = Mm1
1 ×Mm2

2 , g1 + g2) be a product manifold. Let m1,m2 ≥ 1 and
m = m1 +m2 ≥ 3.
Then, M is conformally flat if and only ifM1 andM2 both have constant sectional curvature
and in case that m1,m2 > 1 these sectional curvature have the same magnitude and opposite
sign.

It follows from this lemma that one of the following cases occurs (where G is always finite):

N Z

1. Rn/G (Rn/G× Sk × (a,∞), gE + c2r2σk + dr2) c ∈ [0, 1], n > 1
2. Snc /G (Snc /G× Sk × (a,∞), σnc + sinhc(r)

2σk + dr2) n > 1, c > 0
3. Sm−1

c /G Sm−1
c /G× (a,∞) c > 0

4. Hm−1
c /G Hm−1

c /G× (a,∞) c > 0

The first and fourth case are excluded since in that case the conformal Laplacian on MZ is
not invertible.
We now consider the second case: Z = Snc /G× (Hk+1

c \ B̄a(0)) for G finite, n > 1 and c > 0.
Let (M̂ = Snc × (Hk+1

c \ B̄a(0)), ĝ) be the G-cover of M . The corresponding projection
is denoted by π : M̂ → M . Then, M̂ still fulfills the assumptions in Theorem 2.2 and,
thus, Lĝ possesses a Green function Γ̂. Since λN = λSn , [10, p. 62], M̂ also fullfills the
assumptions of this theorem. Thus, from above we know that the mass of M̂ at p̂0 with
π(p̂0) = p0 is nonnegative. On the other hand together with [22, Prop. 4.3] we obtain for
nontrivial G that 0 = mp0 > mp̂0 ≥ 0 which gives a contradiction. Hence, G is the trivial
group. Analogously, we obtain in the third case that G is trivial. Summarizing we know
that Z = Snc × (Hk+1

c \ B̄a(0)) with c > 0, n > 1 and k ≥ 0 or Z = Sm−1
c × [a,∞) for c > 0.

In all those cases (MZ , g) is conformally compactifiable to a manifold (M̃, g̃) by considering
11



g̃ = h2g where h(r) = cosh−1(r) for r ≥ a, cp. [3, Prop. 3.1], and where M̃ \MZ is a totally
geodesic Sk. Note that on a neighbourhood U of the Sk the metric g̃ is the standard metric
on Sm. Set s = distg̃(.,Sk). Then, cosh−1(r) = sin s for r ≥ a.
Let ũ = h−

m−2
2 u. Then, Lg̃ũ = δp0 on M̃ \ Sk. Since u ∈ L2(Z, g),

∫
Z

1
sin2 s

ũ2 dvolg̃ =∫
Z
u2 dvolg < ∞ and, hence,

∫
Z

1
s2 ũ

2 dvolg̃ < ∞. Thus, analogously as in [5, Lem. 7.3] we
can remove the singularity. Thus, ũ is the Green function of (M̃, g̃) around p0 and the mass
of (M̃, g̃) is zero. It follows that (M̃ \ {p0}, ũ

4
m−2 g̃) is flat, complete and asymptotically

Euclidean. Thus, it has to be Rm. Thus, M is conformally equivalent to Sm, i.e., there is a
diffeomorphism ϕ : M\ → Sm with ϕ∗σm = f2g for some f ∈ C∞(M,R>0). By Liouville’s
theorem ϕ|U : U ⊂ Sm → ϕ(U) ⊂ Sm is the restriction of a conformal transformation
ψ : Sm → Sm. Then, the diffeomorphism ψ−1 ◦ ϕ : M → Sm is the identity on U . Thus, on
U we have σm = f2σm and, hence, f |U = 1. Summarizing we obtain thatMZ is conformally
equivalent to Sm−k−1 ×Hk+1. �

Example 5.3. Let (Mm
Z = Nn × Hk+1

c , g = gN + gc) where (Hk+1
c = Sk × R, gc =

sinhc(r)
2σk + d r2) where sinhc(r) := 1

c sinh(cr) for c > 0 and sinh0(r) := r. Moreover,
we assume that scalN is constant, and that N is closed.
Then, Lg = am∆N +am∆Hk+1

c
+scalN −c2k(k+1). Since the scalar curvature ofMZ is con-

stant, we get that the spectrum of Lg is given by [d,∞) with d := amc
2k2

4 +scalN−c2k(k+1) =
scalN + amb. Thus, Lg has positive spectrum if and only if d > 0 which is equivalent to (2).
In particular, if n > 1, then scalN > 0, and if n ∈ {0, 1} this is not possible. Let now n > 1.
Since the whole real line is the spectrum of the Dirac operator Hk+1

c , the Dirac operator on
MZ is invertible if and only if the Dirac operator on N is. This is automatically fulfilled
since scalN > 0. Hence, if

kc(3−m)

m− 2
+

2

m− 2

√
b+

scalN
am

< 2λN with b = −kc
2(n− 1)

4(m− 1)

is fulfilled, then Theorem 5.1 applies to MZ = N ×Hk+1
c . Since m ≥ 3 and b ≤ 0, we always

have
kc(3−m)

m− 2
+

2

m− 2

√
b+

scalN
am

≤ 2

m− 2

√
scalN
am

≤ 2√
(m− 2)(m− 1)

λN < 2λN

where the second inequality uses the Schrödinger-Lichnerowicz formula for N .
In particular, for M = Hk+1

c × Sn, n > 1, and m ≥ 3, all the assumptions of Theorem 5.1
are fulfilled.

Proof of Theorem 1.2. Theorem 1.2 now follows directly from Theorem 5.1 and Example 5.3.
�

6. Application to the Yamabe invariant

Lemma 6.1. Let (Mm
Z , g) be as in Subsection 2.2 and we use the notations therein. As-

sume that the Dirac operator on (N, gN ) is invertible. Let m = 3, 4 or 5. Let Lg be an
invertible operator and assume that (7) holds. Then, Q∗(MZ , g) < Q∗(Sm, σm) unless MZ

is conformally equivalent to Sn ×Hk+1.

Proof. By Theorem 1.2 the mass is positive. In order to obtain Q∗(MZ) < Q∗(Sm) we then
use the test function ϕ that was constructed by Schoen out of Γ, cp. [20, p. 482]. Since
Γ ∈ H2

1 , the calculation remains completely the same. �

Note that the conformal Laplacian of Sn ×Hk+1 is invertible only if n > 1.
We now recall and prove Theorem 1.1 from the introduction.

Theorem 1.1. Let m = n+ k + 1, m ≥ 3 k > 0, and c ∈ [0, 1). Then

Q∗(Sn ×Hk+1
c , σn + gc) < Q∗(Sm, σm).

12



Proof. For m ≥ 6, c ∈ [0, 1) and n > 1 the manifold Sn × Hk+1
c is not conformally flat.

Thus, Aubin’s construction mentioned in the introduction yields the result in this case. For
n > 1 and m = 3, 4, 5 this follows from Theorem 6.1 together with Example 5.3. For the
remaining case n = 1 the claim follows from Q∗(S1 ×Hm−1

c , σn + gc) = c
2
mQ∗(Sm, σm), cp.

[5, Rem. 9.9]. �
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