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ABSTRACT. Functorial semi-norms are semi-normed refinements of func-
tors such as singular (co)homology. We investigate how different types of
representability affect the (non-)triviality of finite functorial semi-norms
on certain functors or classes. In particular, we consider representable
functors, generalised cohomology theories, and so-called weakly flexible
homology classes in singular homology and `1-homology.

1. INTRODUCTION

Functorial semi-norms are semi-normed refinements of functors to the
category of Abelian groups (Definition 2.2). Gromov introduced the notion
of functorial semi-norms on singular (co)homology [13, 12] in the context
of simplicial volume and its relation with geometry and rigidity. For exam-
ple, the `1-semi-norm on singular homology is a finite functorial semi-norm
on singular homology (Example 2.5). Dually, the `∞-semi-norm on singu-
lar cohomology (Example 2.9) is a functorial semi-norm on singular coho-
mology, which is not finite; in contrast, by construction, the `∞-semi-norm
on bounded cohomology (Example 2.11) is a finite functorial semi-norm
on bounded cohomology. Applications of functorial semi-norms in mani-
fold topology include degree theorems [12, 16, 21]. Conversely, knowledge
about mapping degrees allows to construct functorial semi-norms with in-
teresting properties [9, 15].

We investigate the relation between (non-)triviality of finite functorial
semi-norms and so-called weak flexibility:

Definition 1.1 (weakly flexible). Let C be a category, let F : C −→ Ab be a
functor, and let X ∈ Ob(C). An element α ∈ F(X) is weakly flexible (with
respect to F) if there exist Y ∈ Ob(C) and β ∈ F(Y) such that the set

D(β, α) :=
{

d ∈ Z
∣∣ ∃ f∈MorC(Y,X) F( f )(β) = d · α

}
is infinite.

It is a simple, yet fundamental, observation that any finite homogeneous
functorial semi-norm is trivial on weakly flexible classes (Proposition 3.4).

In this article, we give equivalent descriptions of weak flexibility in sin-
gular homology (Section 5.1) and `1-homology (Section 5.2). Moreover,
we apply the above observation to representable functors (Section 4.1) and
countably additive functors (Section 4.2). This shows that many classical
functors from algebraic topology do not admit any non-trivial finite homo-
geneous functorial semi-norms. For instance, this might be interesting for
the study of comparison maps in bounded cohomology.

Date: May 18, 2015. c© C. Löh 2014. This work was supported by the CRC 1085 Higher
Invariants (Universität Regensburg).
MSC 2010 classification: 55N10, 55N35, 57N65.

1



2 CLARA LÖH

2. FUNCTORIAL SEMI-NORMS

In this section, we introduce some basic notation and give a definition of
functorial semi-norms, generalising Gromov’s concept of functorial semi-
norms on singular (co)homology:

Definition 2.1 (semi-norms on Abelian groups).

– A semi-norm on an Abelian group A is a map | · | : A −→ R≥0 ∪ {∞}
with the following properties:

– We have |0| = 0.
– For all x ∈ A we have | − x| = |x|.
– For all x, y ∈ A we have |x + y| ≤ |x|+ |y|. Here, x + ∞ := ∞

for all x ∈ R≥0 ∪ {∞}.
Such a semi-norm is finite if the value ∞ is not in the image. The
semi-norm is homogeneous if for all n ∈ Z \ {0} and all x ∈ A we
have |n · x| = |n| · |x|, where |n| denotes the ordinary absolute value
on Z. Here, n ·∞ := ∞ for all n ∈N \ {0}.

– A (finitely) semi-normed Abelian group is an Abelian group together
with a (finite) semi-norm.

– We write snAb for the category of semi-normed Abelian groups,
where the morphisms are group homomorphisms that are norm-
non-increasing.

– We write snAbfin for the category of finitely semi-normed Abelian
groups, where the morphisms are group homomorphisms that are
norm-non-increasing.

Definition 2.2 (functorial semi-norm). Let C be a category, let F : C −→ Ab
be a functor (possibly contravariant).

– A functorial semi-norm on F is a factorisation functor F̂ : C −→ snAb
of F through the forgetful functor snAb −→ Ab:

snAb

forget
��

C
F

//

F̂
<<z

z
z

z
Ab

– A finite functorial semi-norm on F is a factorisation F̂ : C −→ snAbfin

of F through the forgetful functor snAbfin −→ Ab:

snAbfin

forget
��

C
F

//

F̂
<<x

x
x

x
x

Ab

More explicitly, a [finite] functorial semi-norm on a functor F : C −→ Ab
consists of a choice of a [finite] semi-norm | · | on F(X) for every X ∈ Ob(C)
such that for all morphisms f : X −→ Y in C and all α ∈ F(X) we have∣∣F( f )(α)

∣∣ ≤ |α|.
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A functorial semi-norm on F is homogeneous if for all X ∈ Ob(C) the cor-
responding semi-norm on F(X) is homogeneous. Notice that all homoge-
neous (functorial) semi-norms are trivial on torsion elements.

Example 2.3 (trivial functorial semi-norm). If C is a category and F : C −→
Ab is a functor, then equipping for every X ∈ Ob(C) the group F(X) with
the zero semi-norm gives a functorial semi-norm on F, the trivial functorial
semi-norm on F.

2.1. `1-Homology. A key example is given by the `1-semi-norm on homol-
ogy of simplicial sets; the `1-semi-norm on singular homology and the `1-
semi-norm on group homology are instances of this construction:

Example 2.4 (`1-semi-norm on (`1)-homology of simplicial sets). Let ∆ be the
simplex category: The objects of ∆ are natural numbers; for n, m ∈ N the set
of morphisms n −→ m in ∆ is the set of monotone (increasing) functions
of type {0, . . . , n} −→ {0, . . . , m}, and composition of morphisms in ∆ is
given by the set-theoretic composition of the underlying functions. The
category of simplicial sets is denoted by ∆(Set); objects are contravariant
functors ∆ −→ Set and morphisms are natural transformations of such
functors. If R is a ring (with unit), then there is the corresponding chain
complex functor

ChR : ∆(Set) −→ ChR −→ ChZ

into the category of R-chain complexes [11] followed by the forgetful func-
tor into Z-chain comlexes. By construction, for a simplicial set S and n ∈N,
the chain module ChR(S)n is the free R-module with basis S(n). If R (as
Abelian group) is equipped with a norm, then ChR(S)n inherits a finite
norm | · |1,R: the `1-norm with respect to the basis S(n). This norm in turn
leads to the `1-semi-norm on homology in degree n:

‖ · ‖1,R : Hn
(
ChR(S)

)
−→ R≥0

α 7−→ inf
{
|c|1,R

∣∣ c ∈ ChR(S)n, ∂c = 0, [c] = α
}

.

By definition of | · |1,R, the functor ChR turns natural transformations into
norm-non-increasing chain maps. Applying homology in degree n hence
yields a finite functorial semi-norm on the composition

Hn ◦ChR : ∆(Set) −→ Ab .

By construction of the chain complex functor ChR, the boundary opera-
tors in the chain complex ChR(S) are bounded with respect to the `1-norm.
Hence, completing with respect to | · |1,R (and extending the boundary op-
erators continuously) leads to a functor

Ch`1

R : ∆(Set) −→ ChZ .

Clearly, the `1-norm on the chain modules of ChR(S) extends to an `1-norm
on the chain modules of Ch`1

R (S), which we will also denote by | · |1,R. Sim-
ilarly to the uncompleted case, we then obtain a finite functorial `1-semi-
norm on the `1-homology functor

H`1

n ◦ChR = Hn ◦Ch`1

R : ∆(Set) −→ Ab
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in degree n.
In all these cases, we abbreviate ‖ · ‖1 := ‖ · ‖1,R. Notice that if Q is a

subring of R, then these functorial semi-norms on (`1-)homology are ho-
mogeneous. In general, ‖ · ‖1.Z is not homogeneous.

Example 2.5 (`1-semi-norm on singular homology). Let R be a normed ring,
and let n ∈N. Then singular homology Hn( · ; R) in degree n of topological
spaces with coefficients in R can be described as the composition

Hn ◦ChR ◦S : Top −→ ∆(Set) −→ ChZ −→ Ab,

where S : Top −→ ∆(Set) denotes the total singular complex functor [11].
So, Hn( · ; R) inherits a finite functorial semi-norm, the `1-semi-norm ‖ · ‖1,R.
More explicitly, ‖ · ‖1,R is given as follows: If X is a topological space and α ∈
Hn(X; R), then

‖α‖1,R = inf
{ k

∑
j=0
|aj|

∣∣∣∣ k

∑
j=0

aj · σj ∈ Cn(X; R) is a cycle representing α

}
,

where | · | denotes the norm on R.
An example of a topological invariant defined in terms of the `1-semi-

norm on singular homology with R-coefficients is the simplicial volume [12,
17]: The simplicial volume of an oriented closed connected n-manifold M is

‖M‖ :=
∥∥[M]R

∥∥
1 ∈ R≥0,

where [M]R ∈ Hn(M; R) is the R-fundamental class of M. For example,
the simplicial volume of hyperbolic manifolds is non-zero [12, 26, 5]. Clas-
sical applications of simplicial volume include Gromov’s proof of Mostow
rigidity [23] and degree theorems in the presence of sufficiently negative
curvature [12, 16, 21].

Functorial semi-norms on singular homology that differ essentially from
the `1-semi-norm can be constructed via manifold topology [9, 15]. How-
ever, it remains an open problem to determine whether there are also fi-
nite functorial semi-norms on singular homology that are not dominated in
some weak sense (e.g., through a monotonic function) by the `1-semi-norm.

Example 2.6 (`1-semi-norm on group homology). Let R be a normed ring,
and let n ∈ N. Similarly to the previous example, homology of groups in
degree n with coefficients in R can be described as the composition

Hn ◦ChR ◦B : Group −→ ∆(Set) −→ ChZ −→ Ab,

where B : Group −→ ∆(Set) denotes the simplicial classifying space func-
tor [11]. Hence, also group homology in degree n with coefficients in R
inherits a functorial `1-semi-norm ‖ · ‖1,R.

The canonical isomorphism between group homology via the simpli-
cial classifying space functor and singular homology of Eilenberg-MacLane
spaces of type K( · , 1) is isometric with respect to ‖ · ‖1,R, as can be seen by
constructing explicit mutually inverse chain homotopy equivalences.
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Example 2.7 (`1-semi-norm on `1-homology). Let R be a normed ring, and
let n ∈N. Then `1-homology of spaces or groups respectively in degree n with
coefficients in R are defined by

H`1

n ( · ; R) := H`1

n ◦ChR ◦S : Top −→ ∆(Set) −→ Ab,

H`1

n ( · ; R) := H`1

n ◦ChR ◦B : Group −→ ∆(Set) −→ Ab .

As in Example 2.4, these functors admit functorial `1-semi-norms ‖ · ‖1,R.
For more information about `1-homology and its applications we refer to
the literature [18, 6, 4, 20].

2.2. Bounded cohomology. Dually, we can also equip cohomology of sim-
plicial sets with a functorial semi-norm – the `∞-semi-norm, which in turn
leads to bounded cohomology:

Example 2.8 (`∞-semi-norm on (bounded) cohomology of simplicial sets).
Let R be a normed ring. Then there is the dual cochain complex functor

Ch∗R := HomZ( · , R) ◦ChZ : ∆(Set) −→ CoChR −→ CoChZ

as well as the topological dual cochain complex functor

Ch#
R := B( · , R) ◦ChZ : ∆(Set) −→ CoChR −→ CoChZ

of bounded Z-linear functionals; both these functors are contravariant. If
S is a simplicial set and n ∈ N, then the modules Ch∗R(S)n and Ch#

R(S)n

inherit a norm | · |∞,R: the `∞-norm on linear functionals with respect to the
`1-norm on ChZ(S)n; this norm on Ch∗R(S)n, in general, is not finite, but –
by construction – this norm on Ch#

R(S)n is finite. These norms in turn lead
to the `∞-semi-norm on cohomology in degree n

‖ · ‖∞,R : Hn(Ch∗R(S)
)
−→ R≥0 ∪ {∞}

ϕ 7−→ inf
{
| f |∞,R

∣∣ f ∈ Ch∗R(S)
n, δ f = 0, [ f ] = ϕ

}
,

and the `∞-semi-norm on bounded cohomology in degree n:

‖ · ‖∞,R : Hn(Ch#
R(S)

)
−→ R≥0

ϕ 7−→ inf
{
| f |∞,R

∣∣ f ∈ Ch#
R(S)

n, δ f = 0, [ f ] = ϕ
}

.

By definition of | · |∞,R, the functors Ch∗R and Ch#
R turn natural transfor-

mations into norm-non-increasing chain maps. Applying (co)homology in
degree n hence yields a finite functorial semi-norm on the contravariant
compositions

Hn ◦Ch∗R : ∆(Set) −→ Ab,

Hn ◦Ch#
R : ∆(Set) −→ Ab .

In all theses cases, we abbreviate ‖ · ‖∞ := ‖ · ‖∞,R. If Q is a subring of R,
then these functorial semi-norms on (bounded) cohomology are homoge-
neous. In general, ‖ · ‖∞,Z is not homogeneous.

Example 2.9 (`∞-semi-norm on singular cohomology). Let R be a normed
ring, and let n ∈ N. Then singular cohomology Hn( · ; R) in degree n of
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topological spaces with coefficients in R can be described as the composi-
tion

Hn ◦Ch∗R ◦S : Top −→ ∆(Set) −→ CoChZ −→ Ab,

where S : Top −→ ∆(Set) denotes the total singular complex functor. So,
Hn( · ; R) inherits a functorial semi-norm, the `∞-semi-norm ‖ · ‖∞,R. More
explicitly, ‖ · ‖∞,R is given as follows: If X is a topological space and ϕ ∈
Hn(X; R), then

‖ϕ‖∞,R = inf
{

sup
σ∈map(∆n,X)

| f (σ)|
∣∣∣ f ∈ Cn(X; R) is a cocycle representing ϕ

}
,

where | · | denotes the norm on R.

Example 2.10 (`∞-semi-norm on group cohomology). Let R be a normed
ring, and let n ∈N. As in the previous examples, cohomology of groups in
degree n with coefficients in R inherits a functorial `∞-semi-norm ‖ · ‖∞,R,
based on the simplicial classifying space functor B : Group −→ ∆(Set).

Example 2.11 (`∞-semi-norm on bounded cohomology). Let R be a normed
ring, and let n ∈N. Then bounded cohomology of spaces or groups respectively
in degree n with coefficients in R are defined by

Hn
b ( · ; R) := Hn ◦Ch#

R ◦S : Top −→ ∆(Set) −→ Ab

Hn
b ( · ; R) := Hn ◦Ch#

R ◦B : Group −→ ∆(Set) −→ Ab .

As described in Example 2.8, these functors admit finite functorial `∞-semi-
norms ‖ · ‖∞,R.

The inclusion of bounded linear functionals into all linear functionals in-
duces natural transformations Hn

b ( · ; R) =⇒ Hn( · ; R) between bounded
cohomology of spaces/groups and ordinary cohomology of spaces/groups,
the so-called comparison maps. In general, these comparison maps are nei-
ther injective nor surjective (Example 4.8).

There is a duality principle that allows to express the `1-semi-norm on
homology in terms of the `∞-semi-norm of the corresponding bounded
cohomology [12]. Therefore, bounded cohomology is an important alge-
braic tool in the study of simplicial volume. For more information about
bounded cohomology and its applications we refer to the literature [12, 14,
22, 6].

3. WEAK FLEXIBILITY

We introduce the following notions of representability of classes, gener-
alising (strong) inflexibility of manifolds [9]:

Definition 3.1 ((weakly) flexible). Let C be a category, let F : C −→ Ab be a
functor, let X ∈ Ob(C), and let α ∈ F(X).

– The element α is flexible (with respect to F) if the set

D(α) :=
{

d ∈ Z
∣∣ ∃ f∈MorC(X,X) F( f )(α) = d · α

}
is infinite. Otherwise α is called inflexible.
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– The element α is weakly flexible (with respect to F) if there exists an
object Y ∈ Ob(C) and β ∈ F(Y) such that the set

D(β, α) :=
{

d ∈ Z
∣∣ ∃ f∈MorC(Y,X) F( f )(β) = d · α

}
is infinite. Otherwise α is called strongly inflexible.

Example 3.2. For example, fundamental classes of spheres, tori, and (ori-
ented) projective spaces are flexible with respect to singular homology with
Z- or R-coefficients. Not all (fundamental classes of) oriented closed sim-
ply connected manifolds are flexible [3, 9, 2, 8]; however, it remains an open
problem whether there exist oriented closed simply connected manifolds
that are strongly inflexible.

Example 3.3 (torsion classes). Let C be a category and let F : C −→ Ab be a
functor. If X ∈ Ob(C) and α ∈ F(X) is a torsion element of order m, then
m ·Z + 1 ⊂ D(α) and so α is flexible.

In the following, we will make use of the following simple, yet funda-
mental, observation:

Proposition 3.4 (weak flexibility and finite functorial semi-norms). Let C be
a category, let F : C −→ Ab be a functor, let X ∈ Ob(C) and let α ∈ F(X) be
weakly flexible. If F̂ : C −→ snAbfin is a finite homogeneous functorial semi-norm
on F, then |α|F̂ = 0.

Proof. Because α is weakly flexible, there is an object Y ∈ Ob(C) and β ∈
F(Y) such that D(β, α) is infinite. If F̂ : C −→ snAbfin is a finite homoge-
neous functorial semi-norm on F, we obtain

|α|F̂ ≤ inf
{1

d
· |β|F̂

∣∣∣ d ∈ D(β, α) \ {0}
}
= 0. �

Example 3.5. In particular, the fundamental class of an oriented closed con-
nected manifold with non-zero simplicial volume ist not weakly flexible
with respect to real singular homology. Prominent examples of this type
are hyperbolic manifolds [12, 26, 5].

4. REPRESENTABLE FUNCTORS AND COHOMOLOGY THEORIES

We will now apply the observation Proposition 3.4 to representable func-
tors (Section 4.1) as well as countably additive functors (Section 4.2).

4.1. Weak flexibility and representable functors. Representable functors
do not admit non-trivial finite functorial semi-norms:

Corollary 4.1 (finite functorial semi-norms on representable functors). Let
C be a category and let F : C −→ Ab be a (co- or contravariant) representable
functor. If F̂ : C −→ snAbfin is a finite homogeneous functorial semi-norm on C,
then F̂ is trivial.

Proof. We give the proof in the covariant case (the contravariant case being
dual). By Proposition 3.4, it suffices to establish that all classes are weakly
flexible with respect to F. Let Y ∈ Ob(C) be a representing object of F, i.e.,
V ◦ F ∼= MorC(Y, · ), where V : Ab −→ Set is the forgetful functor; let
β ∈ F(Y) be the element corresponding to idY ∈ MorC(Y, Y).
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Let X ∈ Ob(C), let α ∈ F(X), and let d ∈ Z. Then d · α corresponds to
a morphism f ∈ MorC(Y, X), and so d · α = F( f )(β). Thus, D(β, α) = Z,
which shows that α is weakly flexible with respect to F. �

Example 4.2 (homotopy groups). Let n ∈ N>1. Then the n-th homotopy
group functor

πn : Top*h −→ Ab

on the homotopy category Top*h of pointed topological spaces is repre-
sented by the marked n-sphere. Hence, by Corollary 4.1, the functor πn
does not admit a non-trivial finite homogeneous functorial semi-norm.

Example 4.3 (cohomology theories on CW-complexes). Cellular cohomol-
ogy with coefficients in an Abelian group A does not admit a non-trivial
finite homogeneous functorial semi-norm in degree n ∈ N: The func-
tor Hn( · ; A) on the homotopy category CWh of CW-complexes is rep-
resentable by CW-complexes of type K(A, n).

In view of the Brown representability theorem, the same holds for finitely
additive generalised cohomology theories on the homotopy category of
(pointed) finite CW-complexes that yield finitely generated Abelian groups
on spheres [25, Chapter 21.8][1]: In general, the representing object will not
necessarily have the homotopy type of a finite CW-complex, but only of a
CW-complex Y of finite type. If X is a finite CW-complex of dimension n,
then the inclusion Yn+1 ↪→ Y of the (n+ 1)-skeleton induces a natural bijec-
tion [X, Yn+1] −→ [X, Y] and we can apply Corollary 4.1 to the restriction of
our given cohomology functor F to the full subcategory of CWh generated
by X and Yn+1; on this subcategory, F is naturally isomorphic to [ · , Yn+1]
This shows that all classes in F(X) are weakly flexible. Hence, any finite
homogeneous functorial semi-norm on F is trivial on F(X).

For example, this applies to complex/real topological K-theory or ori-
ented cobordism.

The case of countably additive cohomology theories can be handled as
in Section 4.2.

Example 4.4 (bounded cohomology of spaces and groups). Let n ∈ N>1.
Then there exist finite CW-complexes X and (finitely presented) groups G
respectively such that ‖ · ‖∞ is non-trivial on Hn

b (X; R) and Hn
b (G; R), re-

spectively; for example, one could take the cohomological fundamental
class of oriented closed connected hyperbolic n-manifolds and their fun-
damental groups, respectively [12]. Hence, the bounded cohomology func-
tors Hn

b ( · ; R) are not representable on the
– (homotopy) category of topological spaces
– (homotopy) category of finite CW-complexes
– category of groups
– category of finitely generated groups
– category of finitely presented groups
– . . .

Notice that in view of the mapping theorem for bounded cohomology [12,
14], the pictures for the case of path-connected spaces and groups are equiv-
alent.
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4.2. Weak flexibility and countable additivity.

Corollary 4.5 (finite functorial semi-norms and countable additivity). Let
C be a category such that for every object X ∈ Ob(C) the countably infinite
coproduct äN X exists in C. Let F : C −→ Ab be a contravariant functor such
that for all X ∈ Ob(C) the structure maps X −→ äN X of the summands induce
an isomorphism

ϕX : F
(
ä
N

X
)
−→∏

N

F(X).

If F̂ : C −→ snAbfin is a finite homogeneous functorial semi-norm on C, then F̂ is
trivial.

Proof. Let α ∈ F(X). It suffices to show that α is weakly flexible with respect
to F (Proposition 3.4). Let Y := äN X, and let

β := ϕ−1
X
(
(d · α)d∈N

)
∈ F(Y).

For d ∈ N the structure map fd ∈ MorC(X, äN X) of the d-th summand
satisfies

F( fd)(β) = F( fd)
(

ϕ−1
X
(
(d · α)d∈N

))
= F(idX)(d · α) = d · α.

Hence, α is weakly flexible with respect to F. �

Example 4.6 (additive cohomology theories). Corollary 4.5 applies to all
generalised cohomology theory functors Top −→ Ab that satisfy the count-
able additivity axiom; this includes, in particular, for all n ∈ N and all
Abelian groups A singular cohomology Hn( · ; A) : Top −→ Ab in de-
gree n.

Example 4.7 (group cohomology). Group cohomology does not admit a non-
trivial finite homogeneous functorial semi-norm in non-zero degree: In the
category of groups, all coproducts exist (given by free products of groups),
and for n ∈ N>0 and all Abelian groups A the group cohomology func-
tor Hn( · ; A) : Group −→ Ab satisfies the corresponding compatibility con-
dition of Corollary 4.5. Notice that Hn( · ; A) : Group −→ Ab in general is
not representable if n > 1.

Example 4.8 (comparison maps). Let n ∈ N>1. Because Abelian groups are
amenable, we have that Hn

b (K(Z
n, 1); R) ∼= 0 (which follows by averaging

over invariant means [12, 14]), but Hn(K(Zn, 1); R) ∼= R. This simple ex-
ample shows that the comparison map Hn

b ( · ; R) =⇒ Hn( · ; R) in general
is not surjective on the category of topological spaces or groups, respec-
tively.

In contrast, we will now provide an argument that relies on the non-
triviality of the `∞-semi-norm: Let C be a category of spaces or groups hav-
ing the following properties:

(1) The functor Hn( · ; R) : C −→ Ab does not admit a non-trivial finite
homogeneous functorial semi-norm, and

(2) there exist X ∈ Ob(C) and ϕ ∈ Hn(X; R) with 0 < ‖ϕ‖∞ < ∞.
E.g., we could take the category of topological spaces or the category of
groups. Moreover, let c : Hn

b ( · ; R) =⇒ Hn( · ; R) be the comparison map
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on C (Example 2.11). Then, for all X ∈ Ob(C) we obtain a homogeneous
semi-norm

Hn(X; R) −→ R≥0 ∪ {∞}
ϕ 7−→ inf

{
‖ψ‖∞

∣∣ ψ ∈ Hn
b (X; R), cX(ψ) = ϕ

}
on Hn(X; R), which is finite if and only if cX : Hn

b (X; R) −→ Hn(X; R) is
surjective (recall that inf ∅ = ∞). By construction of bounded cohomology,
this semi-norm coincides with ‖ · ‖∞ on Hn(X; R). Hence, property (2)
implies that this functorial semi-norm on Hn( · ; R) : C −→ Ab is non-
trivial. Therefore, property (1) implies that there is an X ∈ Ob(C), for
which the comparison map cX : Hn

b (X; R) −→ Hn(X; R) is not surjective.
It would be interesting to know whether such arguments could also

be successfully applied to continuous bounded cohomology of restrictive
classes of topological groups.

Example 4.9 (KK-theory of separable C∗-algebras). Let B be a separable C∗-
algebra. Then KK( · , B) : C * −→ Ab satisfies the countable additivity con-
dition of Corollary 4.5 [7, Theorem 19.7.1], where C * denotes the category
of separable C∗-algebras. Hence, KK( · , B) : C * −→ Ab does not admit a
non-trivial finite homogeneous functorial semi-norm.

5. WEAK FLEXIBILITY IN SINGULAR HOMOLOGY AND `1-HOMOLOGY

We will give characterisations of weak flexibility in singular homology
(Section 5.1) and `1-homology (Section 5.2) in terms of `1-semi-norms. More-
over, we will show that flexibility in `1-homology is equivalent to vanishing
of classes (Section 5.3).

5.1. Weak flexibility in singular homology. Weak flexibility in singular
homology can be characterised as follows:

Theorem 5.1 (weak flexibility in singular homology). Let X be a topological
space, let n ∈N, and let α ∈ Hn(X; Z). Then the following are equivalent:

(1) The class α is weakly flexible with respect to Hn( · ; Z).
(2) The sequence

(
‖d · α‖1,Z

)
d∈N

contains a bounded subsequence.

For the proof of the theorem we will use that singular homology classes
can be represented essentially in terms of combinatorial types that describe
how faces of singular simplices in a singular chain can cancel in the singular
chain complex:

Definition 5.2 (combinatorial types and associated chains).
– Let k, n ∈N. We then write

T(k, n) := P
(
({1, . . . , k} × {0, . . . , n})×2)

for the set of all relations on {1, . . . , k} × {0, . . . , n}.
– For t ∈ T(k, n), we define the topological space

Yt := {1, . . . , k} × ∆n /∼t,
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where “∼t” is the equivalence relation generated by

(j, x) ∼t (j′, x′)⇐⇒ ∃y∈∆n−1 ∃`,`′∈{0,...,n} i`(y) = x

∧ i`′(y) = x′

∧
(
(j, `), (j′, `′)

)
∈ t.

Here, i` : ∆n−1 −→ ∆n denotes the inclusion of the `-th face.
– For t ∈ T(k, n) and ε ∈ {−1, 0, 1}k we consider the singular chain

zt,ε :=
k

∑
j=1

ε j · τj ∈ Cn(Yt; Z),

where τj : ∆n −→ Yt is the singular simplex induced from the inclu-
sion ∆n ↪→ {1, . . . , k} × ∆n as j-th component.

Lemma 5.3 (representing singular classes through combinatorial types). Let
X be a topological space, and let c = ∑k

j=1 ε j · σj ∈ Cn(X; Z) be a cycle with
ε1, . . . , εk ∈ {−1, 0, 1}. Let

t :=
{
((j, `), (j′, `′))

∣∣ j, j′ ∈ {1, . . . , k}, `, `′ ∈ {0, . . . , n},
σj ◦ i` = σj′ ◦ i`′

}
∈ T(k, n),

and let fc : Yt −→ X be the continuous map induced from the singular sim-
plices σ1, . . . , σk : ∆n −→ X. Then fc is well-defined, zt,ε ∈ Cn(Yt; Z) is a cycle,
and

Hn( fc; Z)[zt,ε] = [c]
holds in Hn(X; Z).

Proof. All these properties directly follow from the construction. �

The proof of Theorem 5.1 now is only a matter of counting:

Proof (of Theorem 5.1). Suppose that the class α is weakly flexible with re-
spect to Hn( · ; Z), i.e., there is a space Y and a class β ∈ Hn(Y; Z) such
that D(β, α) is infinite. Let d ∈ D(β, α); then there is a map f : Y −→ X
with Hn( f ; Z)(β) = d · α; in particular,∥∥|d| · α∥∥1,Z =

∥∥Hn( f ; Z)(β)
∥∥

1,Z ≤ ‖β‖1,Z.

Because D(β, α) is infinite, (‖d · α‖1,Z)d∈N thus contains a subsequence that
is bounded by ‖β‖1,Z.

Conversely, suppose that the sequence
(
‖d · α‖1,Z

)
d∈N

contains a sub-
sequence, say

(
‖dm · α‖1,Z

)
m∈N

, bounded by k ∈ N. For m ∈ N let
cm ∈ Cn(X; Z) be a cycle representing dm · α with ‖cm‖1,Z ≤ k; we may
assume that cm is of the form

cm =
k

∑
j=1

εm,j · σm,j

with εm,1, . . . , εm,k ∈ {−1, 0, 1}. Moreover, let tm ∈ T(k, n) be the corre-
sponding combinatorial type of cm as in Lemma 5.3. Because the set

T(k, n)× {−1, 0, 1}k
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is finite, there is a subsequence of (cm)m∈N of chains that have the same
combinatorial type t ∈ T(k, n) and the same coefficients ε ∈ {−1, 0, 1}k.
For any index m ∈N of this subsequence, we have

Hn( fcm ; Z)[zt,ε] = Hn( fcm ; Z)[ztm,εm ] = [cm] = dm · α,

where fcm : Ytm = Yt −→ X is the map from Lemma 5.3. Thus, D([zt,ε], α) is
infinite, i.e., α is weakly flexible with respect to Hn( · ; Z). �

Remark 5.4. The second condition of Theorem 5.1 is related to the vanishing
of the `1-semi-norm on singular homology with R-coefficients as follows:
If X is a topological space, then for all n ∈ N the change of coefficients
map Hn(X; Q) −→ Hn(X; R) is isometric with respect to corresponding
`1-semi-norms [24, Lemma 2.9]. Rearranging denominators hence shows
that

‖αR‖1 = inf
d∈N>0

1
d
· ‖d · α‖1,Z

for all α ∈ Hn(X; Z), where αR ∈ Hn(X; R) denotes the image of α under
the change of coefficients map.

This is the first step in a programme that defines and studies secondary
invariants associated with the `1-semi-norm and simplicial volume.

Corollary 5.5 (weak flexibility in singular homology, manifold case). Let M
be an oriented closed connected n-manifold. Then the following are equivalent:

(1) There exists an oriented closed connected n-manifold N such that the set{
deg f

∣∣ f ∈ map(N, M)
}

of mapping degrees is infinite.
(2) The fundamental class [M] is weakly flexible with respect to Hn( · ; Z).
(3) The R-fundamental class [M]R is weakly flexible with respect to Hn( · ; R).
(4) The sequence

(
‖d · [M]‖1,Z

)
d∈N

contains a bounded subsequence.
(5) All finite homogeneous functorial semi-norms on Hn( · ; R) are zero

on [M]R.

Proof. By definition of the mapping degree and the universal coefficient
theorem, the first three conditions are equivalent. In view of Theorem 5.1,
condition (2) and condition (4) are equivalent. Proposition 3.4 and explicit
constructions [9, Section 7.1] of functorial semi-norms on Hn( · ; R) show
that condition (1) and condition (5) are equivalent. �

More specifically, the case of bound 1 in Corollary 5.5(4) is equivalent to
domination by an odd-dimensional sphere [19, Theorem 3.2].

Remark 5.6 (weak flexibility in group homology). Gaifullin’s construction
of aspherical URC manifolds [10] and the fact that ‖ · ‖1,Z on integral sin-
gular homology of classifying/aspherical spaces coincides with ‖ · ‖1,Z on
integral group homology of the corresponding fundamental group (Exam-
ple 2.6) allow to translate Theorem 5.1 also into the corresponding charac-
terisation for weak flexbility with respect to Hn( · ; Z) : Group −→ Ab.

5.2. Weak flexibility in `1-homology. We will now discuss weak flexibility
in `1-homology of simplicial sets. In particular, the following discussions
will apply to `1-homology of spaces and groups.
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Setup 5.7. Let C be a category, let S : C −→ ∆(Set) be a functor, and n ∈ N>0.
We abbreviate

H`1,S
n := Hn ◦ Ch`

1

R ◦S : C −→ Ab .

This functor is equipped with the finite functorial `1-semi-norm (Example 2.4). For
simplicity, we assume that C contains an object • and that the simplicial set S(•)
corresponds to the simplicial set P satisfying P(n) = {∅} for all n ∈ N (i.e., the
simplicial set corresponding to a one-point space).

Definition 5.8 (replicable, pointable). In the situation of Setup 5.7, an ob-
ject X ∈ Ob(C) is called

– replicable if the coproduct äN X exists in C,
– pointable (with respect to S) if MorC(•, X) and MorC(X, •) are non-

empty.

All (non-empty) topological spaces are replicable and pointable (with re-
spect to the total singular complex functor) in the category of topological
spaces. All groups are replicable and pointable (with respect to the simpli-
cial classifying space functor) in the category of groups.

In `1-homology, weak flexibility is the universal reason for vanishing of
the `1-semi-norm:

Theorem 5.9 (weak flexibility in `1-homology). In the situation of Setup 5.7,
let X ∈ Ob(C) be an object that is replicable and pointable, and let α ∈ H`1,S

n (X).
Then the following are equivalent:

(1) The class α is weakly flexible with respect to H`1,S
n .

(2) All finite homogeneous functorial semi-norms on H`1,S
n are zero on α.

(3) We have ‖α‖1 = 0.

Proof. The first condition implies the second one by Proposition 3.4. Clearly,
the second condition implies the third.

For the remaining implication, suppose that ‖α‖1 = 0. We show that α

is weakly flexible with respect to H`1,S
n : Because X is pointable there exist

morphisms i ∈ MorC(•, X) and q ∈ MorC(X, •). Let

p := i ◦ q ∈ MorC(X, X).

This morphism allows us to neglect certain `1-chains: Using that n ∈ N>0,
that p factors over • and spelling out Ch`

1

R(S(•)) = Ch`
1

R(P) explicitly yields:

(∗) For any cycle c ∈ Ch`
1

R(S(X)) there is a chain b ∈ Ch`
1

R(S(X)) satis-
fying

∂n+1b = Ch`
1

R(S(p))(c) and ‖b‖1 ≤ ‖c‖1.

We now construct a suitable `1-homology class on Y := äN X: For k ∈
N let ik ∈ MorC

(
X, äN X

)
be the structure map of the k-th summand.

Using the universal property of the coproduct, for every m ∈ N we obtain
a morphism pm ∈ MorC(Y, X) satisfying for all k ∈N:

pm ◦ ik =

{
idX if k = m
p if k 6= m.
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Because of ‖α‖1 = 0, for every k ∈ N there is a cycle ck ∈ Ch`
1

R ◦S(X)
representing α with

‖ck‖1 ≤
1
2k .

Hence,
c := ∑

k∈N

k · Ch`1

R

(
S(ik)

)
(ck)

is a well-defined `1-chain in Ch`
1

R(S(Y)), which is a cycle. We consider the
corresponding class β := [c] ∈ H`1,S

n .
The morphisms (pk)k∈N witness that D(β, α) is infinite: Because of prop-

erty (∗), for every k ∈N there is a chain bk ∈ Ch`
1

R(S(X)) with

∂n+1bk = Ch`
1

R(S(p))(ck) and ‖bk‖1 ≤ ‖ck‖1 ≤
1
2k .

Therefore, for all m ∈N we have in H`1,S
n (X):

H`1,S
n (pm)(β) =

[
∑

k∈N

k · Ch`1

R

(
S(pm ◦ ik)

)
(ck)

]
= [m · cm] +

[
∑

k∈N\{m}
k · ∂n+1bk

]
= m · [cm] + 0
= m · α.

In the third step, we used that ∑k∈N\{m} k · ∂n+1bk is indeed an `1-chain and
that ∑k∈N\{m} k · ∂n+1bk = ∂n+1

(
∑k∈N\{m} k · bk

)
.

Hence, α is weakly flexible with respect to H`1,S
n . �

Moreover, using the same type of arguments, we also obtain that the
`1-semi-norm is the “maximal” functorial semi-norm on `1-homology:

Proposition 5.10 (finite functorial semi-norms on `1-homology). In the sit-
uation of Setup 5.7, suppose that all countable coproducts exist in C and that all
objects in C are pointable. Then any finite homogeneous functorial semi-norm
on H`1,S

n is dominated by a multiple of the `1-semi-norm.

Proof. Let | · | be a finite homogeneous functorial semi-norm on H`1,S
n . As-

sume for a contradiction that | · | is not dominated by a multiple of the `1-
semi-norm. That is, for every k ∈ N there exists an object Xk ∈ Ob(C) and
a class αk ∈ H`1,S

n (Xk) satisfying

|αk| > k · 2k · ‖αk‖1.

By Theorem 5.9, ‖αk‖1 6= 0; moreover, because | · | and ‖ · ‖1 are homoge-
neous, we can renormalise these classes in such a way that we may assume
in addition that

1
2
≤ ‖αk‖1 ≤ 1

for all k ∈N. In particular, for every k ∈N there is a cycle ck ∈ Ch`
1

R(S(Xk))
representing αk with ‖ck‖1 ≤ 2.
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Let X := äk∈N Xk and let ik ∈ MorC(Xk, X) be the structure map of the
k-th summand. Furthermore, let qk ∈ MorC(Xk, •) and jk ∈ MorC(•, Xk).
Using the universal property of the coproduct, for every m ∈ N we obtain
a morphism pm ∈ MorC(X, Xm) satisfying for all k ∈N:

pm ◦ ik =

{
idXm if k = m
jm ◦ qk if k 6= m.

Then

β :=
[

∑
k∈N

1
2k · Ch

`1

R

(
S(ik)

)
(ck)

]
∈ H`1,S

n (X)

is a well-defined `1-homology class and the same argument as in the proof
of Theorem 5.9 shows that

H`1,S
n (pm)(β) =

1
2m · αm

for all m ∈N. Therefore, for all m ∈N we obtain

|β| ≥
∣∣H`1,S

n (pm)(β)
∣∣ = 1

2m · |αm| > m · ‖αm‖1 ≥
1
2
·m

which contradicts | · | being finite. �

The corresponding statement for singular homology is not true: it is pos-
sible to “distort” the `1-semi-norm in such a way that the resulting func-
torial semi-norm is finite, but not dominated by a multiple of the `1-semi-
norm [9, proof of Theorem 5.7].

Moreover, for the sake of completeness, we also mention the following,
qualitative, version of Lemma 5.3 for `1-homology of spaces:

Lemma 5.11 (countable geometric support of `1-homology classes). Let X
be a topological space, let n ∈ N, and let α ∈ H`1

n (X; R). Then there exists
a countable simplicial complex K, a class β ∈ H`1

n (|K|; R) and a continuous
map f : |K| −→ X with

H`1

n ( f ; R)(β) = α and ‖β‖1 = ‖α‖1.

Proof. We give a direct, geometric proof: Let (ck)k∈N ∈ C`1

n (X; R) be a se-
quence of cycles representing α in H`1

n (X; R) with

‖α‖1 = inf
k∈N
‖ck‖1,

and let (bk)k∈N ∈ C`1

n+1(X; R) satisfying

∂n+1bk = c0 − ck;(1)

for these chains (ck)k∈N and (bk)k∈N, in total only a countable set of sin-
gular simplices of dimension k or k + 1 is needed. Similarly to Lemma 5.3
and the discussion preceding that lemma, we can construct a topological
space Y by gluing a countable set of copies of ∆n and ∆n+1 according to the
combinatorics of the relations between the respective faces given by the fact
that the (ck)k∈N are cycles and by Equation (1); moreover, using the sim-
plices in Y and the same coefficients as in the original chains on X, we ob-
tain corresponding chains (ck)k∈N ⊂ C`1

k (Y; R), and (bk)k∈N ⊂ C`1

k+1(Y; R),
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as well as a continuous map f : Y −→ X (constructed out of the singular
simplices of the original chains) satisfying

‖ck‖1 = ‖ck‖1,
∂nck = 0,

∂n+1bk = c0 − ck,

C`1

n ( f )(c0) = c0.

Hence, β ∈ Hn(Y; R) satisfies H`1

n ( f ; R)(β) = α. Functoriality of the `1-se-
mi-norm and the above relations between the constructed cycles on Y show
that ‖β‖1 = ‖α‖1.

The double barycentric subdivision of the simplices involved in the con-
struction of Y yields a countable simplicial complex K with |K| ∼= Y. �

Already in degree 0 one can see that not every `1-homology class of any
topological space can be isometrically represented by an `1-homology class
of a finite simplicial complex.

5.3. Flexibility in `1-homology. On the other hand, in `1-homology, flex-
ibility of a class is the same as being trivial; clearly, this behaviour is very
different from ordinary homology.

Theorem 5.12 (flexibility in `1-homology). In the situation of Setup 5.7, let
X ∈ Ob(C), and let α ∈ H`1,S

n (X). Then the following are equivalent:

(1) The class α is flexible with respect to H`1,S
n .

(2) The class α is dominated by a class that is flexible with respect to H`1,S
n ,

i.e., there is an object Y ∈ Ob(C), a flexible class β ∈ H`1,S
n (Y), and a

morphism f ∈ MorC(Y, X) with H`1,S
n ( f )(β) = α.

(3) We have α = 0 ∈ H`1,S
n (X).

Proof. Clearly, the third condition implies the first, and the first condition
implies the second.

Suppose that the second condition holds, i.e., there is Y ∈ Ob(C), a flex-
ible class β ∈ H`1,S

n (Y), and f ∈ MorC(Y, X) with H`1,S
n ( f )(β) = α. By

functoriality, it suffices to show that β = 0 ∈ H`1,S
n (Y).

Because β is flexible with respect to H`1,S
n there is a d ∈ Z with |d| ≥ 2

and an endomorphism g ∈ MorC(Y, Y) satisfying

H`1,S
n (g)(β) = d · β.

Let c ∈ Ch`
1

R(S(Y)) be a cycle representing the class β. Hence, there is a
chain b ∈ Ch`

1

R(S(Y)) with

∂n+1(b) = c− 1
d
· Ch`1

R

(
S(g)

)
(c).

Then the “geometric series”

b′ := ∑
k∈N

1
dk · Ch

`1

R

(
S(g◦k)

)
(b)
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is an `1-chain. Rearranging absolutely convergent series together with func-
toriality of Ch`

1

R ◦S shows that

∂n+1b′ = ∑
k∈N

1
dk · Ch

`1

R

(
S(g◦k)

)
(c)− ∑

k∈N

1
dk+1 · Ch

`1

R

(
S(g◦k+1)

)
(c) = c

holds in Ch`
1

R(S(Y)). Therefore, β = [c] = [∂n+1b′] = 0 in H`1,S
n (Y). �

So, in `1-homology, the difference between trivial `1-semi-norm and van-
ishing of the class corresponds to the difference between weak flexibility
and flexibility. It is an open problem to determine whether for any topo-
logical space X, any n ∈ N and any α ∈ Hn(X; R) with ‖α‖1 = 0 the
image of α in H`1

n (X; R) under the comparison map between singular and
`1-homology can be non-trivial. This problem plays a role in the context of
simplicial volume of non-compact manifolds [18, Theorem 6.4].
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