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Abstract. We observe that stable integral simplicial volume of closed
manifolds gives an upper bound for the rank gradient of the correspond-
ing fundamental groups.

1. Introduction

The residually finite view on groups or spaces aims at understanding
groups and spaces through gradient invariants: If I is an invariant of groups,

then we define the associated gradient invariant Î for groups Γ by

Î(Γ) := inf
H∈F (Γ)

I(H)

[Γ : H]
,

where F (Γ) denotes the set of all finite index subgroups of Γ. For exam-
ple, the rank gradient is the gradient invariant associated with the minimal
number of generators of groups (Section 2), originally introduced by Lack-
enby [13]. Further well-studied examples are the Betti number gradient and
the logarithmic torsion homology gradient.

Stable integral simplicial volume is the gradient invariant associated with
integral simplicial volume (Section 3). It is known that stable integral simpli-
cial volume yields upper bounds for Betti number gradients and logarithmic
torsion homology gradients [5, Theorem 1.6, Theorem 2.6].

In this note, we observe that stable integral simplcial volume also gives an
upper bound for the rank gradient of the corresponding fundamental groups:

Theorem 1.1. Let M be an oriented closed connected manifold with fun-
damental group Γ and let Γ∗ = (Γk)k∈N be a chain of finite index subgroups
of Γ. Then

rg(Γ,Γ∗) ≤ ‖M‖Γ∗Z .

In particular, rg Γ ≤ ‖M‖∞Z .
The result even holds without any asymptotics (Lemma 4.2), but the

gradient invariants seem to be the relevant invariants.
In particular, vanishing results for stable integral simplicial volume imply

corresponding vanishing results for the rank gradient. For example, we
obtain an alternative argument for the following rather special case of a
result by Lackenby [13, Theorem 1.2]:
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Corollary 1.2. Let Γ be a residually finite infinite amenable group that
admits an oriented closed connected manifold as model of the classifying
space K(Γ, 1). Then rg Γ = 0.

Proof. Let M be such a model of K(Γ, 1). Then ‖M‖∞Z = 0 [5, Theo-
rem 1.10]. Hence, Theorem 1.1 gives rg Γ = 0. �

However, the bound in Theorem 1.1 in general is far from being sharp.
For instance, if Γ is the fundamental group of an oriented closed connected

surface M of genus g ∈ N≥1, then it is well known that rg Γ = b
(2)
1 =

2 · g − 2 [2][6, Proposition VI.9], but ‖M‖∞Z = ‖M‖ = 4 · g − 4 [8, 14].
In more positive words, Theorem 1.1 shows that stable integral simplicial
volume is a geometric refinement of the rank gradient.

In contrast to the residual point of view, the dynamical view on groups or
spaces aims at understanding groups and spaces through actions on proba-
bility spaces. In the residually finite case, the profinite completion provides
a canonical link between the residually finite and the dynamical view.

For example, the Q-Betti number gradients coincide with the L2-Betti
numbers [15], which in turn admit a dynamical description [7]. The dy-
namical sibling of the rank gradient is cost [6, 11], and the cost (minus 1)
of the profinite completion coincides with the rank gradient [2]. However,
it remains an open problem to decide whether the rank gradient and cost
coincide for all residually finite finitely generated groups.

The classical version of stable integral simplicial volume is Gromov’s
simplicial volume; the dynamical version is integral foliated simplicial vol-
ume [9, 17], and integral foliated simplicial volume with respect to the profi-
nite completion coincides with stable integral simplicial volume [5, Theo-
rem 2.6]. Therefore, it is natural to consider the following problem:

Question 1.3. Let M be an oriented closed connected aspherical manifold
with (integral foliated) simplicial volume equal to 0. Does this imply that
Costπ1(M) = 1 ? More generally, does (integral foliated) simplicial volume
of M give a linear upper bound for Cost(π1(M))− 1 ?

It should be noted that this is conjecturally trivial (but no direct route
is known): The Singer conjecture predicts that all L2-Betti numbers are 0,
except possibly in the middle dimension. Moreover, conjecturally, if the first
L2-Betti number is 0, the cost equals 1. Both conjectures seem bold, but no
counterexamples are known.

Organisation of this article. We briefly review the rank gradient (Sec-
tion 2) and stable integral simplicial volume (Section 3). The (elementary)
proof of Theorem 1.1 is given in Section 4.

2. Rank gradient

The rank gradient of a group is the gradient invariant associated with the
rank: For a finitely generated group Γ, we denote the rank of Γ, i.e., the
minimal size of a generating set of Γ, by d(Γ).

Definition 2.1 (rank gradient [13]). Let Γ be a finitely generated group
and let Γ∗ = (Γk)k∈N be a (descending) chain of finite index subgroups of Γ.
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Then the rank gradient of Γ with respect to Γ∗ is defined as

rg(Γ,Γ∗) := inf
k∈N

d(Γk)− 1

[Γ : Γk]
.

Moreover, the absolute rank gradient of Γ is defined as

rg Γ := inf
H∈F (Γ)

d(H)− 1

[Γ : H]
,

where F (Γ) denotes the set of all finite index subgroups of Γ.

If Γ is a finitely generated group and (Γk)k∈N is a chain of finite index
subgroups, then the sequence(d(Γk)− 1

[Γ : Γk]

)
k∈N

is non-increasing; therefore,

rg(Γ,Γ∗) = inf
k∈N

d(Γk)− 1

[Γ : Γk]
= lim

k→∞

d(Γk)− 1

[Γ : Γk]
.

The rank gradient was originally introduced by Lackenby [13]. It is known
that finitely generated residually finite (infinite) amenable groups have triv-
ial rank gradient [13, 2] and, more generally, that residually finite groups that
contain an infinite amenable normal subgroup have trivial rank gradient [2].
In contrast, free groups of rank r ∈ N≥1 have rank gradient r − 1 [13] and
fundamental groups of oriented closed connected surfaces of genus g ∈ N≥1

have rank gradient 2 · g − 2 [2][6, Proposition VI.9]. Moreover, some in-
heritance results are known for free products [1], certain free products with
amalgamation, and certain HNN extensions [16]. Further classes of groups
with known rank gradient are certain Artin groups and their relatives [10]
and generalised Thompson groups [12].

In all known cases, the rank gradient coincides with the first L2-Betti
number and is independent of the chosen chain of (normal) subgroups (with
trivial intersection), but it remains an open problem whether this is always
the case.

3. Stable integral simplicial volume

Similarly, stable integral simplicial volume is the gradient invariant asso-
ciated with integral simplicial volume: The integral simplicial volume of an
oriented closed connected n-manifold N is defined by

‖N‖Z := min

{ m∑
j=1

|aj |
∣∣∣∣ m∑
j=1

aj ·σj ∈ Cn(N ;Z) is a fundamental cycle of N

}
.

Definition 3.1 (stable integral simplicial volume). Let M be an oriented
closed connected n-manifold with fundamental group Γ, let Γ∗ = (Γk)k∈N
be a chain of finite index subgroups of Γ, and for k ∈ N let Mk = M̃/Γk

be the covering manifold of M associated with the subgroup Γk. Then the
stable integral simplicial volume of M with respect to Γ∗ is defined as

‖M‖Γ∗Z := inf
k∈N

‖Mk‖Z
[Γ : Γk]

.
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The stable integral simplicial volume of M is defined as

‖M‖∞Z := inf
H∈F (Γ)

‖M̃/H‖Z
[Γ : H]

.

In the situation of the definition, the sequence( ‖Mk‖Z
[Γ : Γk]

)
k∈N

is non-increasing; therefore,

‖M‖Γ∗Z = inf
k∈N

‖Mk‖Z
[Γ : Γk]

= lim
k→∞

‖Mk‖Z
[Γ : Γk]

.

As in the case for the rank gradient, it is unknown whether stable integral
simplicial volume is independent of the chosen chain of subgroups (with
trivial intersection) or not.

For aspherical oriented closed connected surfaces, for closed hyperbolic
3-manifolds, for closed Seifert manifolds with infinite fundamental group,
and for aspherical closed manifolds with residually finite amenable funda-
mental group the stable integral simplicial volume coincides with ordinary
simplicial volume [5]. However, for closed hyperbolic manifolds of dimension
at least 4, stable integral simplicial volume is uniformly bigger than ordinary
simplicial volume [4].

4. Proof of Theorem 1.1

We will first give a simple geometric proof of Theorem 1.1 with a worse
multiplicative constant (Subsection 4.1) and then we will give a more alge-
braic proof with the improved constant (Subsection 4.2).

4.1. A geometric proof. We will prove the following version of Theo-
rem 1.1 (with a slightly worse multiplicative constant): If M is an oriented
closed connected n-manifold (with n > 0) and if (Γk)k∈N is a chain of finite
index subgroups of Γ, then

rg(Γ,Γ∗) ≤ n · ‖M‖Γ∗Z .

This result follows from the following observation, by passing to finite cov-
erings.

Lemma 4.1 (rank vs. integral simplicial volume). Let M be an oriented
closed connected n-manifold with fundamental group Γ (and n > 0). Then

d(Γ) ≤ n · ‖M‖Z.

Proof. Let c =
∑m

j=1 aj · σj ∈ Cn(M ;Z) be an integral fundamental cycle
of M in reduced form; without loss of generality, we may assume that all ver-
tices of σ1, . . . , σm are mapped to the basepoint of M [3, Chapter 9.5]. Out of
the combinatorics of c we can then construct a connected CW-complex Xc,
a homology class αc ∈ Hn(Xc;Z) and a continuous map fc : Xc −→M with

Hn(fc;Z)(αc) = [c] = [M ]Z ∈ Hn(M ;Z)

and

d
(
π1(Xc)

)
≤ n ·m.



RANK GRADIENT VS. STABLE INTEGRAL SIMPLICIAL VOLUME 5

In detail, this is done as follows: We set

Xc :=
(
{1, . . . ,m} ×∆n

) /
∼,

where the equivalence relation ∼ is generated by the following gluing condi-
tions: For all j, j′ ∈ {1, . . . ,m} and all k, k′ ∈ {0, . . . , n} with σj◦ik′ = σj′◦ik′
we let

∀t∈∆n−1

(
j, ik(t)

)
∼
(
j′, ik′(t)

)
;

here, ik : ∆n−1 −→ ∆n denotes the inclusion of the k-th face of ∆n. We
endow Xc with the obvious cellular structure; moreover, without loss of
generality we may assume that Xc is connected (otherwise, we glue as many
vertices as needed). Moreover, looking at the description of π1(Xc) in terms
of 1- and 2-cells, shows that d(π1(Xc)) ≤ n ·m.

By construction, the maps σ1, . . . , σm glue to give a well-defined contin-
uous map fc : Xc −→M .

As next step, we construct αc: For j ∈ {1, . . . ,m} we consider the singular
simplex τj : ∆n −→ Xc induced by the j-inclusion ∆n −→ {1, . . . ,m}×∆n.
Because c is a cycle in M the gluing relation ensures that zc :=

∑m
j=1 aj ·

τj ∈ Cn(Xc;Z) is a cycle on Xc. We write αc := [zc] ∈ Hn(Xc;Z) for the
corresponding class. By construction, we then have Hn(fc;Z)(αc) = [c],
as desired. This concludes the construction of the model space Xc and its
related objects.

We show that π1(fc) : π1(Xc) −→ Γ is surjective: Let H := imπ1(fc) ⊂ Γ,
let π : M −→M be the covering of M associated with the subgroup H, and
let fc : Xc −→M be the corresponding π-lift of fc. Then

Hn(π;Z) ◦Hn(fc;Z)(αc) = Hn(fc;Z)(αc) = [M ]Z.

In particular, [M ]Z ∈ imHn(π;Z), and so | deg π| = 1 and H = Γ.
Because π1(fc) is surjective, we obtain

d(Γ) ≤ d
(
π1(Xc)

)
≤ n ·m ≤ n · |c|1.

Taking the minimum over all fundamental cycles of M proves the claim. �

4.2. A more algebraic proof. We will now prove an improved version of
Lemma 4.1, which implies Theorem 1.1 by passing to finite coverings and
the infimum.

Lemma 4.2 (rank vs. integral simplicial volume, improved bound). Let M
be an oriented closed connected n-manifold with fundamental group Γ. Then

d(Γ) ≤ ‖M‖Z.

Proof. Let c =
∑m

j=1 aj · σj ∈ Cn(M ;Z) be an integral fundamental cycle
of M in reduced form. We will now consider the corresponding situation on

the universal covering: Let π : M̃ −→M be the universal covering of M and

letD ⊂ M̃ be a set-theoretic fundamental domain of the deck transformation
action of Γ on M̃ . We then take the lift c̃ =

∑m
j=1 aj · σ̃j ∈ Cn(M̃ ;Z) of c

such that for every j ∈ {1, . . . ,m} the 0-th vertex of σ̃j lies in D.
For each j ∈ {1, . . . ,m} we let gj ∈ Γ be the group element that maps

the 0-th vertex of σ̃j ◦ i0 (i.e., the first vertex of σ̃j) to D. Then we set

S := {g1, . . . , gm} and H := 〈S〉Γ ⊂ Γ.
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By construction d(H) ≤ |S| = m ≤ |c|1.
We will now show that H = Γ (which completes the proof of the lemma):

Let πH : M̃ −→ M̃/H =: M be the upper covering associated with the
subgroup H ⊂ Γ and let c := Cn(πH ;Z)(c̃) ∈ Cn(M ;Z). As first step we
show that c is a cycle. In

C∗(M ;Z) ∼= Z⊗ZH C∗(M̃ ;Z)

with the trivial H-action on Z, we calculate (using g1, . . . , gm ∈ H) that

∂(c) =
m∑
j=1

aj · g−1
j ⊗ gj · (σ̃j ◦ i0) +

m∑
j=1

n∑
k=1

(−1)k · aj ⊗ σ̃j ◦ ik;

=
m∑
j=1

aj ⊗ gj · (σ̃j ◦ i0) +
m∑
j=1

n∑
k=1

(−1)k · aj ⊗ σ̃j ◦ ik

= 1⊗
( m∑

j=1

aj · gj · (σ̃j ◦ i0) +
m∑
j=1

n∑
k=1

(−1)k · aj · σ̃j ◦ ik
)

;

because the submodule of Cn−1(M̃ ;Z) generated by simplices with 0-th ver-
tex in D is isomorphic (through the covering projection) with Cn−1(M ;Z)
and because ∂c = 0, it follows that the right hand term is 0. Therefore, c is
a cycle.

Let pH : M −→M be the lower covering associated with H ⊂ Γ. Then

Hn(pH ;Z)([c]) = [c] = [M ]Z,

and so [M ]Z ∈ imHn(pH ;Z). Therefore, | deg pH | = 1 and H = Γ. �

Remark 4.3. Of course, the statement of Lemma 4.2 also generalises to
the case of general spaces and homology classes in H∗(M ;Z) that do not lie
in the image of the covering map of a finite (connected) covering of M .
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in Mathematics, 152, Birkhäuser, 1999. Cited on page: 2

[10] A. Kar, N. Nikolov. Rank gradient and cost of Artin groups and their relatives,
Groups Geom. Dyn., 8(4), 1195–1205, 2014. Cited on page: 3



RANK GRADIENT VS. STABLE INTEGRAL SIMPLICIAL VOLUME 7

[11] A.S. Kechris, B.D. Miller. Topics in Orbit Equivalence, Springer Lecture Notes in
Mathematics, vol. 1852, 2004. Cited on page: 2

[12] D. Kochloukova. Rank and deficiency gradients of generalized Thompson groups of
type F, Bull. Lond. Math. Soc., 46(5), 1050–1062, 2014. Cited on page: 3

[13] M. Lackenby. Expanders, rank and graphs of groups, Israel J. Math., 146, 357–370,
2005. Cited on page: 1, 2, 3

[14] C. Löh, C. Pagliantini. Integral foliated simplicial volume of hyperbolic 3-manifolds,
Groups Geom. Dyn., 10(3), 825–865, 2016. Cited on page: 2

[15] W. Lück. Approximating L2-invariants by their finite-dimensional analogues, Geom.
Funct. Anal., 4 (4), 455–481, 1994. Cited on page: 2

[16] N. Pappas. Rank gradient and p-gradient of amalgamated free products and HNN
extensions, Comm. Algebra, 43(10), 4515–4527, 2015. Cited on page: 3

[17] M. Schmidt. L2-Betti Numbers of R-spaces and the Integral Foliated Simplicial Vol-
ume. PhD thesis, Westfälische Wilhelms-Universität Münster, 2005.
http://nbn-resolving.de/urn:nbn:de:hbz:6-05699458563 Cited on page: 2

Clara Löh
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