
Ergodic Theory of Groups: Week 14

Prof. Dr. C. Löh/J. Witzig July 15, 2020

Reading assignment (for the lecture on July 21). We now collect and combine
our previous results on the dynamics of amenable groups. Moreover, we will
survey some further results in this direction.

• Recall the notions of measure equivalence and stable orbit equivalence.
How are they related?

• Read Chapter 4.3.2 A dynamical characterisation of amenable groups.

• Recall the notion of rank gradient and its relation to cost.

• Read Chapter 4.3.3 Application: Rank gradients of amenable groups.

• Recall the various ergodic theorems and their proofs.

• Read Chapter 4.3.4 Ergodic theorems.

• Read Chapter 4.3.5 The Rokhlin lemma.

• This is the end of Chapter 4. If you have not done so already, this might
be a good time to compile a summary of this chapter.

Reading assignment (for the lecture on July 22). This will be the final lecture. We
will see how ergodic theory can help to study the integral approximation problem
for simplicial volume. If you don’t have a background in simplicial volume or
geometry/topology of manifolds, you will still be able to clearly recognise the
patterns from ergodic theory (even though the topological content might then
seem meaningless).

• (Optional) Recall the notion of simplicial volume and its basic properties.

• Read Chapter 5 Integral approximation of simplicial volume.

That’s the end of the course! Congratulations to crossing the finish line!

Implementation (odometer relation). Read the sixth Isabelle fragment Odometer
relation (Appendix A.4) on the (set-theoretic) hyperfiniteness of the standard
odometer relation; you might also want to interact with it:

http://www.mathematik.uni-r.de/loeh/teaching/erg ss2020/2107/Odometer Relation.thy

We might discuss this fragment in one of the lectures.

Exercises (for the session on July 24). The following exercises (which all are
solvable with the material read/discussed in week 13) will be discussed.

Please turn over

http://www.mathematik.uni-r.de/loeh/teaching/erg_ss2020/2107/Odometer_Relation.thy


Exercise 13.1 (measure equivalence?). Which of the following statements are
true? Justify your answer with a suitable proof or counterexample.

1. The groups HomGroup(F2020,Z2020) and F2020 are measure equivalent.

2. The groups HomGroup(F2020,Z2020) and Z2020 are measure equivalent.

Exercise 13.2 (more measure equivalence?). Let Γ be a countable group. Which
of the following statements are true? Justify your answer with a suitable proof
or counterexample.

1. If Γ is amenable, then Γ and Γ× Γ are measure equivalent.

2. If Γ and Γ× Γ are measure equivalent, then Γ is amenable.

Exercise 13.3 (odometers). Let m = (mk)k∈N be a sequence in N≥2 and let
Rm be the corresponding odometer relation on Xm. Show that the measu-
re µm on Xm, which is the product of the normalised counting measures, is
Rm-invariant.
Hints. Consider the action on Xm given by the map, which adds (1, 0, 0, . . . )
with carry to the right:

Xm −→ Xm

x 7−→

{
(0)k∈N if x = (mk − 1)k∈N

(0, . . . , 0, xK+1, xK+1, . . . ) otherwise, where K := min{k ∈ N | xk 6= mk − 1}
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Exercise 13.4 (implementation: decomposition estimate). We consider the file

http://www.mathematik.uni-r.de/loeh/teaching/erg ss2020/1507/Decomposition Estimate Exercise.thy

This file uses the library HOL-Probability.Probability Measure for basic for-
malisations and properties of probability theory. Complete this file, i.e.:

1. Give a pen-and-paper translation of decomposition select small set (inclu-
ding all hypotheses); in which proof in the lecture did we use this fact?

2. Implementation: Replace hyp 1, . . . , hyp 4 by better names.

3. Give a pen-and-paper completion of the proof of this lemma.

4. Implementation: Use facts from the library HOL-Analysis.Measure Space
to complete the proof of this lemma in Isabelle.

Bonus problem (formal proofs IV). Promote the fragment Graphing OrbitRelation
to the measured setting and prove the statement that the cost of an orbit relation
is bounded from above by the rank of the (finitely generated) group in question.
More precisely:

1. Formalise the notion of measurable equivalence relation in Isabelle.

Hints. For simplicity, you don’t need to include the condition that the under-
lying measurable space is a standard Borel space.

2. Formalise the notion of partial automorphism and graphing of a measurable
equivalence relation.

3. Formalise the notion of measured equivalence relation and of cost of a measured
equivalence relation.

4. Prove that the cost of an orbit relation is bounded from above by the rank of
the (finitely generated) group in question.

Hints. To simplify things, you may assume that the given orbit relation is a
measured equivalence relation.

Submission before July 22, 8:00, via email to johannes.witzig@ur.de or through git.

http://www.mathematik.uni-r.de/loeh/teaching/erg_ss2020/1507/Decomposition_Estimate_Exercise.thy

