
Ergodic Theory of Groups: Week 4

Prof. Dr. C. Löh/J. Witzig May 6, 2020

Reading assignment (for the lecture on May 12). This week, we will introduce
different ways of comparing different dynamical systems.

• (Optional) Recall the notion and applications of homotopy categories.

• Recall the standard examples from Chapter 1.2.

• Read Chapter 1.4 Conjugacy and weak containment.

Reading assignment (for the lecture on May 13).

• Recall the notion of lattices.

• (Optional) Recall the notion of quasi-isometry between finitely generated
groups and basic examples.

• Read Chapter 1.5 Orbit equivalence and measure equivalence until Quick
check 1.5.16.

Next week, we will complete Chapter 1 and introduce the notion of ergodicity
and related topics.

Exercises (for the session on May 15). The following exercises (which all are
solvable with the material read/discussed in week 3) will be discussed.

Please turn over



Exercise 3.1 (profinite completions). Which of the following statements are true?
Justify your answer with a suitable proof or counterexample.

1. If Γ is a finite group, then Γ̂ is finite.

2. If Γ is an infinite group, then Γ̂ is infinite.

Exercise 3.2 (Hopfian groups). A group Γ is Hopfian if every surjective group
homomorphism Γ −→ Γ is an automorphism. Show that all finitely generated
residually finite groups are Hopfian.
Hints. If Γ is a finitely generated group and Q is a finite group, then the
set HomGroup(Γ, Q) is finite.

Exercise 3.3 (recurrence with a metric). Let X be a separable metric space, let
µ be a Borel probability measure on X, and let Z y (X,µ) be a probability
measure preserving action. Show that for µ-almost every x ∈ X there exists a
strictly increasing sequence (nk)k∈N of natural numbers with

lim
k→∞

nk · x = x.

Exercise 3.4 (José’s question). Give an example of a subset of N of positive
upper density that does not contain an infinite arithmetic sequence (and prove
that your example has the claimed property).
Hints. There are many ways to do this!

Bonus problem (Fields medals). Find at least four Fields medalists whose rele-
vant contributions are connected to ergodic theory and explain in two sentences
what this connection to ergodic theory is.

Submission before May 13, 8:00, via email to johannes.witzig@ur.de or through git.


