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Reading assignment (for the lecture on June 2). There are no lectures on
”
Pfingst-

dienstag“! This leaves the great opportunity to relax and watch some of the true
masters:

• Who won the Abel Prize 2020? Watch the interview with the Abel Pri-
ze 2020 laureates:

https://www.youtube.com/watch?v=LM5XfzpDA1g

• Browse the extensive video collection of the MSRI, e.g.,

https://www.msri.org/workshops/738/schedules/19730

https://www.msri.org/workshops/738/schedules/19735

https://www.msri.org/workshops/439/schedules/3280

https://www.msri.org/workshops/439/schedules/3289

https://www.msri.org/summer schools/853/schedules/26775

https://www.msri.org/workshops/9/schedules/226

Reading assignment (for the lecture on June 3).

• Recall the ergodic theorems.

• Read Chapter 2.2.4 Application: Decimal representations.

• Recall all characterisations of ergodicity that we covered so far.

• Read Chapter 2.3.1 The space of invariant measures until Proposition 2.3.3.

Next week, we will discuss the ergodic decomposition theorem. We will then
start working with standard equivalence relations and, in parallel, we will have
a first look at Isabelle.

Exercises (for the session on June 5). The following exercises (which all are
solvable with the material read/discussed in week 6) will be discussed.

Please turn over



Exercise 6.1 (sums and averages). Let N y (X,µ) be an ergodic measure pre-
serving action and let A ⊂ X be a measurable subset with µ(A) > 0. Which of
the following statements are true? Justify your answer with a suitable proof or
counterexample.

1. For all x ∈ X, we have limN→∞ 1/N ·
∑N−1

n=0 χA(n · x) = µ(A).

2. For µ-almost every x ∈ A, we have
∑∞

n=0 χA(n · x) =∞.

Exercise 6.2 (strong law of large numbers).

1. What is the strong law of large numbers?

2. Derive the strong law of large numbers from the pointwise ergodic theorem.

Hints. Use a suitable shift space!

Exercise 6.3 (maximal inequality). Let (X,µ) be a probability space and let
U : L1(X,µ) −→ L1(X,µ) be a positive bounded linear operator with ‖U‖ ≤ 1.

Let g ∈ L1(X,µ). For n ∈ N, we define gn :=
∑n−1

j=0 U
j(g); for N ∈ N>0, let

(pointwise, almost everywhere)

GN := max
n∈{0,...,N}

gn.

Moreover, let A := {x ∈ X | GN (x) > 0}.
1. Show that U(GN )(x) + g(x) ≥ GN (x) holds for almost all x ∈ A.

2. Conclude that
∫
A
g dµ ≥ 0.

Exercise 6.4 (yet another average: Kac’s formula). Let Z y (X,µ) be an er-
godic probability measure preserving action, generated by the measure preser-
ving isomorphism f : (X,µ) −→ (X,µ) and let A ⊂ X be a measurable subset
with µ(A) > 0. We consider the function

rA : A −→ N>0 ∪ {∞}
x 7−→ min

{
n ∈ N>0

∣∣ fn(x) ∈ A
}
,

the return time to A. The goal is to show that the expected return time is 1/µ(A).

1. Show that rA is measurable.

2. Let B :=
{
x ∈ X

∣∣ ∃n∈N fn(x) ∈ A ∧ ∃m∈N>0
f−m(x) ∈ A

}
. Use

ergodicity to compute µ(B).

3. For n ∈ N, letBn :=
{
x ∈ A

∣∣ rA(x) = n
}

. Show that the sets (fm(Bn))m,n

are pairwise disjoint for appropriate choices of indices.

4. Conclude that
∫
A
rA dµ = 1.

Bonus problem (billiards).

1. Read the article

G. D. Birkhoff. What is the ergodic theorem? Amer. Math. Monthly,
49, pp. 222–226, 1942.

2. Describe how the (pointwise) ergodic theorem can be applied to billiards!

Submission before June 3, 8:00, via email to johannes.witzig@ur.de or through git.


