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Abstract

We construct strong solutions for a nonlinear wave equation for a thin vibrat-
ing plate described by nonlinear elastodynamics. For sufficiently small thickness
we obtain existence of strong solutions for large times under appropriate scaling
of the initial values such that the limit system as h — 0 is either the nonlin-
ear von Karman plate equation or the linear fourth order Germain-Lagrange
equation. In the case of the linear Germain-Lagrange equation we even ob-
tain a convergence rate of the three-dimensional solution to the solution of the
two-dimensional linear plate equation.
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1 Introduction

In the present contribution we study the nonlinear wave equation for a thin vibrating
plate (or rod if d = 2). The plate is assumed to be of small but positive thickness
h > 0 and satisfies the equations of three-dimensional nonlinear elastodynamics.

In order to explain the result and the model under consideration, let us start by
recalling some facts and results for the corresponding variational problems, see [6]
for further details. We consider the elastic energy

B =3 /Q (W(Va(a)) — 1" (o) ~ ) dr

where Q, = Q' x (—%, %) is the reference configuration of the thin plate, €/ ¢ R,

d = 2,3, is a suitable bounded domain, and z: Q;, — R? is the deformation of the
plate. For simplicity, we will restrict ourselves to the case d = 3 in this introduction.

Rescaling Q, to Q = Q' x (—%, %), we obtain the rescaled energy
x1
') = [ (W) -1 (v~ | o | | ) an
@ hxg

where y(z) = z(2/, hzz) with 2’ = (z1,22) and Vj, = (0y,, sy, +0,). The limit as
h — 0 depends on the asymptotic behaviour of f*. More precisely, let f* be of order



h®. If a = 2, then the energy E" is of order h? with § = 2. The rescaled energy
%Eh converges as h — 0 to the elastic energy from the geometrically fully nonlinear
Kirchhoff theory in the sense of I'-convergence. To the authors’ knowledge there are
no results on existence of solutions for the corresponding dynamic wave equation
or on regularity of non-minimizing equilibria. Indeed even the precise definition of
equilibrium is not completely clear since the isometry constraint V! Vy = Id for
the limit map 7: Q' — R3 makes the problem very rigid; see Hornung [8, 9] for
recent progress. If a > 2 and 8 = 2a — 2, then the limit energy can be described as

Ao

VvV @ VV 1
Qo (eU) + 2Vl + = [ Qu(VPV)ao,
2 o 2 24 Jo
where ¢(U) = sym (VU),
1 yh 1
- lim — 1) _ g/ = lim —y? 1.1
v h%m((yQ) d)’ V= s (L)
2 —2) if 2 <3
5 o= a—2, q=(X072) f2<esd (12)
a—1 ifa>3

where Id'(z) = (71, 72)7 and Q2: R?*2 — R is related to Q3(F) := D*W (Id)(F, F)
by
Q2(G) = Inin Q3(G+a®es+e3®a).
Here
400 if2<a<3,
Ao=<1 if o =3,
0 if a > 3.

Thus for 2 < o < 3 one has the “geometrically linear” constraint 2¢(U)+VVQVV =
0, which again has so far prevented the rigorous study of the associated dynamic
wave equation or non-minimizing equilibria. For o = 3 (and therefore § = 4) one
obtains the von Karmén plate theory and for o > 3 (and therefore § > 4) one
obtains a linear Euler-Lagrange equation (linear Germain-Lagrange theory), which
for isotropic materials reduces to the biharmonic equation.

Here we study the cases « = 3,56 =4 and a > 3,8 = 2a—2 > 4 in the dynamic
situation. The equations of elastodynamics arise from the Lagrangian

L h (';'2 —W(a@) + fhz> i [ (“’;'2 —W(Tay(a) + 1 y) ds

and solutions formally preserve the total energy

/Q (!y;\“’ W (V) = 17 y) az, (1.3)
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where it is assumed that f” is independent of time for simplicity. In view of (1.1)-
(1.2) we expect that

ys ~ h, <zl>—ld’~h2 fora=3,8=4
2

ys3 ~ h*2, (3;1) —Id ~h* ! fora>3,8=2a0—-2>4
2

The idea to balance the kinetic and potential energy in (1.3) suggests to rescale time
as 7 = ht if &« = 3. Then the total energy becomes

4 ‘&-%P 1 fgfby?:
Etoth/ﬂ< 5 —i—ﬁW(Vhy(x))—ﬁﬁ dx

and with fh =h3 fé‘eg the evolution equation is

1 1. 1
ﬁ(‘ﬁy — ﬁdwhDW(Vhy) =+ fn.
or equivalently
1. -
0%y — 5 divaDW (Vay) = hfp, (1.4)

where fh ~ 1 as h — 0. Additionally we assume Neumann boundary conditions
at xq = :l:% and periodic boundary conditions in tangential direction. In the case
a = 3 we will show existence of strong solutions of (1.4) for well-prepared and small
data in a natural scaling with respect to h and time 7 € (0,7p). In particular
we assume that the rescaled fh is small, cf. Section 3.1 below. — Note that the
small time interval (0,Tp) for 7 turns over to a large time interval (0,Tph~!) in
the original time scale for ¢. In the case o > 3, we will use the same time scale.
Then we are able to show existence of strong solutions for 7 € (0,7) for any 7' > 0
provided that f, ~ h® 3 and suitable initial data, cf. Section 3.1 below. In this
case we are even able to construct the leading term of the solution y =y, as h — 0
provided W (F) = dist(F, SO(3))?, cf. Section 4.

Together with [1] this shows that after the natural time rescaling and for well pre-
pared data of the correct size solutions of the 3-d nonlinear elastodynamics converge
to solutions of the dynamic von Karméan equation or linear von Karméan equation
depending on the size of the data. We note that a similar result in the case of sta-
tionary solutions was shown by Monneau [19] if the limit system are the von Kdrman
plate equations. Ge, Kruse and Marsden [7] have taken an alternative and very gen-
eral approach to study the limit from three-dimensional elasticity to shells and rods
by establishing convergence of the underlying Hamiltonian structure. This suggests,
but does not prove the convergence of the corresponding dynamical problems (see
e.g. recent work by Mielke [18] for the question on the relation of the convergence
of the Hamiltonian and the convergence of the resulting dynamical problems). Gen-
eral information and many further references on the dynamics of lower-dimensional
nonlinear elastic structures can be found in the book by Antman [3]. For results on
existence of weak and strong solutions of the non-stationary von Karman plate equa-
tions we refer to e.g. Chen and Wahl [5], Koch and Lasiecka [13], Lasiecka [16], Koch



and Stahel [14]. For a survey on results and open problem of nonlinear elasticity,
stationary and non-stationary, we refer to Ball [4].

Let us explain the strategy of our proof and the main difficulties. Basically, the
strong solutions are constructed by the energy method as presented in Koch [12]
for the case of Neumann boundary conditions. (See the book by Majda [17] for the
full space case or the classical paper by Hughes et al. [10] for a more abstract and
general version. See Kikuchi and Shibata [11] for a different approach.) Essentially
existence of strong solutions for fixed h > 0 and some T > 0 depending on h
follows from [12]. Although the latter results are proved for the case of a smooth
bounded domain, the proofs easily carry over to the present situation (for every fixed
h > 0) and many arguments even simplify in our situation since the boundary is flat
and homogeneous Neumann boundary conditions are considered. Hence the main
novelty of this contribution is the proof that for appropriately scaled initial data the
maximal time of existence is bounded below by a positive constant as h — 0.

To explain the main new difficulties in the following let us recall the energy
method briefly. The starting point in the method is the conservation of energy:

d (1 9 1 7
It <2‘8ty(t)”L2(Q) + 2 /Q W(Vry) dm) - /thh Oy(t)dz =0

which follows from (1.4) by multiplication with 9y under appropriate boundary
conditions. (Here and in the following we replace 7 by t.) Moreover, differentiating
(1.4) with respect to = one gets a control of

d

1 1
o (zuatafywué(m + 3 /Q D*W (Vi) Vhy : 6£Vhydw) =HRs,  (15)

where the remainder term Rg can be controlled with the aid of the Gronwall in-
equality once the left hand side controls 85 Viny suitably. To this end it is essential
to have the coercive estimate

1 2
h?/ D*W (Vpy)Viw : Viywdz > co
Q

ren(w) (1.6)

L (Q)

where ep,(w) = sym (Vjyw), cf. (3.17) below. By Korn’s inequality in the present
h-dependent version we have

1
[Vawl|lp2@) < C H&?h(w)

I

h 12(9)

cf. Lemma 2.1 below. Therefore we will have one order of h better decay of the
symmetric part of Vjy than for the full gradient/the skew-symmetric part. To
obtain (1.6) (and similar estimates) it will be essential that

1
EH%(?/) — I + |Vhy — 1|1 < €h

for some sufficiently small € > 0 and to treat the symmetric and asymmetric part
carefully in a Taylor expansion of D?W (V,y) around I, cf. Sections 2 and 3.2 for
the details.



Several technical difficulties arise from the fact that we are dealing with natural
boundary conditions at the upper and lower boundary x4 = i%. In tangential
direction we assume periodic boundary conditions. First of all, in this situation it is
easy to differentiate in tangential and temporal direction to obtain (1.5) with 65 w
replaced by 82w, where z = (/,t) and 2’ = (21,...,24-1). Therefore we are using
anisotropic L?-Sobolev spaces of sufficiently high order to control Vjy in L>. In
particular, one of the basic spaces is

V(Q) = {ueL*Q):Vu,0,,Vue L*(Q),j=1,...,d — 1} = L®(Q)

if d =2,3. Note that V() is slightly larger than H?(Q) and that u € H?(Q) if and
only if u € V(Q) and 92 Ju € L*(Q). Moreover, since we are dealing with natural
boundary conditions, we want to keep the equation in divergence form. Therefore
we do not use the identity

div, DW (Vpy) = D*W (Vay) - Viy

to obtain a quasi-linear system. Instead we differentiate (1.4) with respect to time
or tangentially and solve

1

) divy, (D*W(Vpy)Vipwj) = hfj, j=0,...d—1

fw; —
where wo = Ay, fo = Oifn, wj = Or;y, fj = Oz;fn for j =1,....,d—1. Ap-
plying suitable A-uniform estimates for the linearized system, we prove that the
solutions cannot blow up on a time interval independent of 0 < h < 1 if the data
are sufficiently small.

The structure of the article is as follows: In Section 2 we introduce some notation
and derive some preliminary results. Our main result is presented in Section 3.1.
The essential results for the linearized system are derived in Section 3.2. These are
applied in Section 3.3, where our main result is proved. Finally, in Section 4 we

derive a first order asymptotic expansion as h — 0 in the case that the limit system
is linear, i.e., 8 > 4, and W (F) = dist(F, SO(d))?.
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Moreover, we are grateful to an anonymous referee for helpful remarks on the content
of paper and further references, which helped to improve the paper.

2 Notation and Preliminaries

For any measurable set M C RY the inner product of L?(M) (w.r.t. to Lebesgue
measure) is denoted by (.,.)ar. Moreover, H*(Q), k € Ny, denotes the usual L?-
Sobolev spaces. If X is a Banach space, then the vector-valued variants of L?(M)
and H*(M) are denoted by L?(M;X), HF(M;X), respectively. Furthermore,
C*([0,T); X), k € Ng, denotes the space of all k-times continuously differentiable
functions f:[0,7] — X.



) Q= (_L’L)d_17 d= 2,3, x =
= (0, V) and let

ep(w) = sym (Vyw), e(w) = e1(w),

if w: M C R? — R? is a suitable vector field. Here sym A = (A + AT) and we
denote skew A := %(A — AT). Moreover, we denote z = (¢,2'), where zy = t and
zj=uwj for j=1,...,d—1.

For s >0, s € Ny, we define L?-Bessel potential spaces

H*(Q) = {f € L*(Q) : f = Flq for some F € H*(R%)}

as usual by restriction, equipped with the quotient norm. Since {2 is a Lipschitz
domain, there is a continuous extension operator E such that E: H*(Q) — H*(RY)
for all k£ € N, cf. Stein [21, Chapter VI, Section 3.2]. Hence H*(Q2), s > 0, is
retract of H*(R?) and we obtain the usual interpolation properties, cf. e.g. [22]. In
particular, we have

(H*(Q), H (Q))go = H(Q),  s=(1—0)s+0s1, (2.1)

for all # € (0,1), s > 0, where (.,.)g, denotes the real interpolation method.

If 0<T < oo and X is a Banach space, then BUC([0,T]; X) is the space of
all bounded and uniformly continuous functions f: [0,7) — X. Now let Xy, X7 be
Banach spaces such that X; < Xy densely. Then

W, (0,T; Xo) N LP(0,T; X1) — BUC([0, T]; (Xo, Xl)k%’p) (2.2)

for all 1 < p < oo continuously, c¢f. Amann [2, Chapter III, Theorem 4.10.2]. If
Xo = H is a Hilbert space and H is identified with its dual, then X; — H — X]
and L4 J
- 2 — (—
A= (o
provided that f € LP(0,7T; X;) and %f € LY (0,T;X]), 1 < p < oo, cf. Zeidler [24,
Proposition 23.23|. In particular, (2.3) implies

f@), (D)) x1.x, for almost all ¢ € [0, 7] (2.3)

sup /()1 < 2 (110 20 I 2oy + 1FON%) - (24)
t€[0,T]

Replacing f(t) by tf(t) and (T — t)f(T —t), one easily derives from the latter
estimate ) )
sSup Hf(t)HH < CT”fH;{l(Q T~X/)”fH22(o T;X1) (2-5)
tE[O,T] IR Ly
for some C'r > 0 depending on T > 0.

In the following £"(V), n € N, denotes the space of all n-linear mappings
A: V™ — R for a vector space V. Moreover, if A € L"(V), n>2,and z1,...,x €
V,1<k<n,then Alzy,..., 2] € L7 (V) is defined by Alx1,...,21](Tp11,. .., 2T0) =
A(zy,...,xy,) for all xgyq,...,2, € V.



We introduce the scaled inner product
1
Ay B= ﬁsymA :sym B +skew A : skew B, A,BeR™4 0<h<1,
and |Alp = VA, A where A: B = szzl a;jb;j. This choice of inner product is
motivated by the Korn inequality in thin domains, see Lemma 2.1 below. Of course,
;1 coincides with the usual inner product : on R%*? and therefore |A|; = |A|. For
W e £"(R%9) we define the induced scaled norm by

(W, = sup  |W(Ay,..., 4.
|4;]n<1,j=1,..,n

Note that, since |Al, > |A|; = |A]| for all A € R¥¥? we have |[W|;, < |[W|, =: |W|
for any W € £*(R™?) and 0 < h < 1.

As usual we identify £'(R9*?) = (R%*4)" with R%*?. But one has to be careful
whether this representation is taken with respect to the usual scalar product : on
R4 or with respect to 3, i.e., W € L1(R%*?) is identified with A € R?*? such
that

W(B)=A: B  forall Be R

If nothing else is mentioned, we identify (R%*¢) and R?*¢ using the standard
inner product :. In particular, if W € CY(U), U c R¥9 and A € U, then
DW (A) € (R¥*d) = RIxd coincides with

DW(A): B = %W(A +tB) for all B € R4,
t=0

Furthermore, W € £2(R**%) is usually identified with the linear mapping W : R4*¢ —
R4 defined by

WA:B=W(A,B) forall A,B e R™

Finally, we denote by

1
P
Wiy = 1Wligan = ([ 7@l de )

if 1 < p < oo and with the obvious modifications if p = oco. Here M C R?
is measurable. Moreover, for f € LP(M;R%*9) the scaled norm Il 2e (rmaxay =
(Kl 17 (y) s defined in the same way.

We now state the relevant Korn inequality in thin domains.

Lemma 2.1 There is a constant C such that

(2.6)

1
Vsl < € | ente)

L2(Q)

forall0 <h <1 and u e H' D% such that w|p.— 1 =ulp.—-r, 7=1,...,d—1.
J J
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Proof: For clamped boundary conditions the Korn inequality in thin domains was
proved by Kohn and Vogelius [15, Prop. 4.1]. They mention that the result also
holds without boundary conditions, modulo infinitesimal rigid motions. For the
convenience of the reader we provide a proof of Lemma 2.1.

First we prove the case d = 2. Let Q, := (=L, L)* !x(=2,%) and let u €
H'(Qp;R?) satisfy the boundary conditions uly,——1 = ulg;—r, j = 1,...,d — 1.
First of all by a simple scaling in x4, (2.6) is equivalent to

C
IVullz2(9,) = 5 1(V@)symll 2(@y) (2.7)

Let Nj be the integer part of % and let £, = % We set Jp, := {—L + k{y, :
k=0,...,N,—1}. By applying Korn inequality on the set (a,a+ €)X (—
every a € Jj,, we can construct a piecewise constant function A: (—L, L) — M?2*2
such that A(xy) is skew-symmetric and

/ Vu— AP de <C [ |e(uw)| da. (2.8)
Qh Qh

Note that, since % is bounded from above and from below, we can use the same

Korn inequality constant on each set (a,a + £5)x(—2%, ).

We claim that
2 C 2
/ Alxy) — AP de < & [ Je(w)? da (2.9)
Q, L= Jo

where Ay := A(—L).

Let us fix a € J, and let b := a + M, with A € {0,1}. By applying Korn
inequality on the set (a,a+20,)x(—%,4) we have that there exists A € M?*2 such
that

/ |Vu — Alde < C le(u)|? d.
(a1a+2gh)><(_gvg) (a,a+2€h)><(—%,%)

From this inequality we deduce

heyA(b) — A? < 2/ \Vu — A(x1)]? da
(b.b+en) X (=5, %)
+2 / |Vu — AP da
(bb+0n)x (=5, 5)
< C le(u)|? da.

(a,a+26,)x(~%,%)

Combining the previous inequality for A =0 and A = 1, we obtain

hen|Ala) = AB)P < 2hen(|A(a) — A]? +|A(b) — A])
< C e (u)[? da.
(a7a+2£h)x(_%v%)

8



As A is constant on each interval (a,a + ¢j), this is equivalent to say that

/ Az 4+ £) — A(zy)2dz < C ()2 dz.  (2.10)
(a,a+6,)x (-4, 1) (a,a+205)x (=5 1y

Let us set Iy, j := —L+{,(k,k+j). By convexity we have the following estimate:

Np—1
/ Azy) — A0|2daz—h2/ _ Ao dmy
Qp
Np—1 k—1 9
= h Z/ mﬂh A(xl—(m—l—l)fh))‘ dxq
m:O
Np—1  k— 9
< hYk / 21— miy) — Alar — (m+ 1)ty)| do
k=0 m=
By (2.10) we deduce
Np—1 k—
/ |A(z1) — Ag)? dx < Z ch/ |5(u)|2dac.
Qp — Iy m1,2X(—

It is easy to see that for every k=0,..., N, — 1

Z/ - (u)]de§2/ e(w)|? de.
I —m— 12>< 755 Qh

Therefore, we conclude that
/ A()) — A2 dar < oNﬁ/ e(u)P da,
Qh Qh.

which proves claim (2.9).
Combining (2.8) and (2.9), we conclude that for every u € H'(Q;R?) there
exists a constant skew-symmetric Ag € M2*? such that

C

/ |Vu — Ag*dx < 5 ] (u)|? dz.
Qp h
Since
1 2
/ — [ (skwVu)dz — AO‘ dr < / |(skwVu) — Ap|* dz,
an |12 Ja, QO
we also have that
1 2
/ Vu — / (SkWVu)‘ dr < C;/ \6(u)]2 dz (2.11)
Qh |Qh| Qh h Qh

for every u € H'(Qy; R?).



Now, if u is periodic in tangential direction, then

/ L /a 24
—_— gu‘ X
Qh ] Jo,
1

2
(82U1 + 81U2)‘ dzx

1
1| Ja,

2
(skau)‘ dr = /
Qp

_/Qh

< / e(w)|? de,
Qp

which, together with (2.11), provides us with the desired inequality.
In order to prove the case d = 3, we use that (2.6) for d = 2 implies

|(57.) (2) () ().,

for j = 1,2 and any v € H'(Q)3. Moreover, applying Korn’s inequality in (—L, L)?
with periodic boundary conditions, we obtain

1% Ja,

<

c
2@ P

C
< EH(vhu)SymHL%Q)
L2()

Hvz’ulHLQ(Q) < C”(Vr’u/)sym”LQ(Q) < CH(vxu)symHLZ(Q)7

where u’ = (u1,uz2)?. Altogether this proves (2.6) for d = 3. |

Remark 2.2 The latter lemma shows that H%Eh(u)HLQ(Q) is equivalent to thuHLﬁ(Q)
with constants independent of 0 < h < 1.

We denote
H;ZT(Q) = {f e H™(Q) : afjf]xj:,L = 8§‘f\xj:L,j =1,....d—1,laf <m— 1}.

Throughout this contribution the following anisotropic variant of H}Z.(2) will
be important:

Hmme(Q) = {u € L2(Q): VEAL uwe L(Q),k=0,...,m,1=0,...,ms,
g‘/@idu|$j:_L = 8;1,8idu]mj:L,j <d-1,la] <m;—1,1< mg}
where mq € N, mo € Ny. The spaces are equipped with the inner product

(f, g) amimz = Z (0208 f,0%0% g)r20)

|| <ma,k=0,...,m2

Please note that periodic boundary conditions are included in the spaces H™1™2((2)
in contrast to the space H™(Q)), where we denote them by a subscript “per” in
order to be consistent with the usual definition of H™(Q2). Moreover, note that
f € H™™m2(Q) if and only if its periodic extension f (w.r.t. xzj, j=1,...,d—1)
satisfies

@0L feLi (R x (=3,1) forall laf <my,l=0,...,ma.

10



Therefore we can also identify f € H™.™2(Q) with a function f: R x (—%, %)
that is 2L-periodic in z;, 7 = 1,...,d — 1 and satisfies the latter smoothness
condition.

Similarly, an anisotropic variant of LP will be useful:
Q) = {u: Q=R fuer, Mgo_11) € LP((—L,L)CH)}
272

where 1 < p, g < co equipped with the norm

lu||Lpa = H||u(931, .)||Lq(,%’% (L Ly

We note that from the usual Holder inequality it follows that
I f9llLrac) < [[fllLerar @) llgllLraa2 @),

for all 1 < p1,q1,p2,q2 < 0o such that
L1111 1

P 1 P2 9 q 92

Lemma 2.3 Let d =2,3. Then

HYY(Q) = LP*(Q), H>*°(Q) = L™*(Q), H'(Q) < L¥>®(Q)
continuously for p =00 if d=2 and any 1 <p < oo if d=3. Finally, let
V(Q) := HY(Q)n H*°(Q).
Then V(Q) — C°(Q) continuously.

Proof: The first embedding follows from H'(€)) < LP(€Y) and the second from
H?(Q) — L®(Y) since d = 2,3 and ' = (—L,L)*!. The third embedding

follows from
(-, 3 120) N 124, H@) < BUC(-4, Y B (@)
and H %(Q’) < L*(Q'). Finally, the last embedding follows from
LA (—5, 5 H (=L, D)) N HY (=5, 5 H (L, L)*))
= BUC([~4, ) H¥ 3 (-L. L)) = C°(@)

where k = d — 2 because of (2.2) and Sobolev embeddings. |

Remark 2.4 The spaces H'°(Q) and V() are two fundamental spaces, which will
be used to solve the evolution equation. We note that

fevQ) < f,VfeHYQ).
Most of the time we will estimate f € V() by the h-dependent norm

I fllvs, = (s Vi)l o)

11



Because of the embedding V(Q2) < L>®(Q), we are able to show that V() is an
algebra with respect to point-wise multiplication. More precisely, we obtain:

Corollary 2.5 Let d =2,3. Then there is some C = C(2) > 0 such that

(w1 -0, Va(ur o)l < Cll(ur, Vaw)l[groll(v, Viv)ll 2 (2.12)
[(ur - w2, Va(ur - ug)l o < Cll(ur, Vaur)| groll(uz, Vaug) 1o (2.13)

for all u,ug € V(Q), v € Hy,.(Q) uniformly in 0 < h < 1. Moreover, if F € C*(U)
for some open U C RN, N € N, and u € V(Q)V, then for every R > 0 there is

some C(R) independent of u such that
[(F(w), VaF ()l pro@) < C(R) —if [[(u, Vau) [ gro@) < R (2.14)

uniformly in 0 < h <1 and if u(z) € U for all x € Q.

Proof: First of all (2.12) can be derived in a straight forward manner using
Lemma 2.3. Moreover, (2.13) follows from (2.14) by first considering |lu1||v; , [|u2|lv;, <
1 and F(ui,u2) = uy - ug together with a scaling argument.

Hence it only remains to prove (2.14). First of all,

O, F(u) = DF(u)dz;u
02,00, F(u) = DF(u)0y;0z,u+ D2F(u)(8xju, Og, 1)
where DF (u), D>F(u) are uniformly bounded since u € C°(Q) and u(x) € U for all

x € Q. Therefore V,F(u) € L?(Q2) can be easily estimated. Hence it only remains
to consider the second order derivatives. To this end we use that

1 1
HD2F(U)(8xju, E&Edu) < C||0z;ull a0 () Eaxdu
L2(Q) L42(Q)
1
< OO ull gr(a) 7 Owu < C'(R)||(u, Viu) || gro
HLOQ)

forall j=1,...,d—1 due to Lemma 2.3. Similarly,

”DQF(U)(awjua amku)HLQ(Q S C,(R)H(u? VhU)HHl,O(Q)

)
forall j,k=1,...,d—1. From these estimates the statement of the corollary easily
follows. =

For the following let W: B,.(I) C R¥9 — R be a smooth function for some
r > 0 which is frame invariant, i.e., W(RF) = W(F) for every F € R™? and
R € SO(d), and such that DW(I) = 0 and D?*W (I): R¥4 — R4 is positive

definite on symmetric matrices. Moreover, we set W(G) = W (I+G). The estimates

of derivatives of D?W (V,u) will be essential for the proof of our main result and
will be based on the following lemma:;:

12



Lemma 2.6 There is some constant C >0, € >0, and A € C>®(B.(0); £L3(R¥*%))
such that for all G € R with |G| < & we have

D*W(G) = D*W(0) + A(G),
where

ID3W(0)|, <Ch  forall0<h<1,
|A(G)| < C|G|  for all |G| < e.

Proof: First of all, if |G| < € for ¢ > 0 sufficiently small, we can use a polar
decomposition I + G = RU, where R € SO(d) and U is symmetric and positive
definite such that U? = (I + G)(I + G). From frame invariance we conclude
that W(I +G) = W(U) = W(U?) = W + 2symG + GTG) for some smooth
W:V c R4 5 R, where V is some open neighborhood of I. For this proof we
denote Ag = sym A. Straight-forward calculations yield

DW(F)(H) = DW(U?)(2H,+ HTG+ G"H)

D*W(F)(Hy,Hy) = D*W(U*)(2Hys + HY G + GTHy, 2Hy s + HY G + GT Hy)
+DW (U?)(HT Hy + HY Hy)

and

D3W (F)(Hy, Hy, H3) =
D3W(U?)(2H, s + H' G + GTHy,2H s + HY G + GTHy,2Hs , + HY G + GT Hs)
+D?W (U?)(H] Hy + HY H1,2Hs s + HY G + GT H3)
+D>W(U?)(HT Hs + HY Hy,2H, . + HI G + GT H,)
+D*W(U?)(HT Hs + HY Ho, 2H, , + HI G + GTH))

where F' =1 4 GG. From the latter identities the statements immediately follow. m
For the following we denote

JAl grams = ST 1020, AlR g

la|<mq,5=0,...,m2

Ml = | X 105413

la|<m
where m,my,ms € Ng and A € H™™2(Q)4 A ¢ H™(Q)4*?, respectively.
Corollary 2.7 There are some ,C' > 0 such that
| D*W(2) (¥4, Ya, Y3) | 130

< Ch (Wil + 1¥illgzo) 1Vl 22 o) 18112 ) (2.15)
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for all Y1 € V()4 Y3, Y3 € LAH(Q)™4, 0 < h <1 and || Z||p=(0) < min(e, h) and

ID*W(Z)(V1, Ya, Y3)ll 1 ()
< ChlVillpy o) 1Yallgro) V3l 22 (q) (2.16)

for all Y1 € HY(Q)™>4 Y, € HYWO(Q)™* vy € L2(Q)¥4, 0 < h < 1 and Z €
L) with || Z]| 1o (o) < min(e, h).

Proof: The statement follows directly from Lemma 2.6, Korn’s inequality due to
Lemma 2.1, and Lemma 2.3. [ |

3 Long-Time Existence for Thin Rods/Plates

3.1 Main Result

We consider .
S5 divn DW (Vaup) = fh? inQx I (3.1)

where W(G) = W(I+G), Q = (—L, L)4 1 x (—=3.3), B =4+26, which is equivalent
to 8 = a—3, and I = [0,T}] for some T, > 0 together with the initial and boundary
conditions

8152uh—

DW(thh)ed . 0, (32)
Trgq= )

up, is 2L-periodic w.rt. 5,5 =1,...,d —1, (3.3)

(un, Opup)li—g = (Uo,p,u1n)- (3.4

Here we assume that W: B,(I) — R is a smooth function for some r > 0 which
is frame invariant, i.e., W(RF) = W(F) for every F € R?*? and R € SO(d), and
such that DW (I) = 0 and D?W (I): R4 — R4*9 s positive definite on symmetric
matrices. — Note that the latter condition implies that D?W () is elliptic in the
sense of Legendre-Hadamard:

(D*W(Ia®b):a®b> cola?b? for all a,b € R? (3.5)
for some ¢y > 0. In the following, we will denote z = (¢,2’) with the convention

that zo =t and zj =z for j=1,...,d—1 and V, =V, v = (9, V).
Our main result is:

Theorem 3.1 Let 6 > 0, 0 < T < oo, let f, € WP(0,T;L*) N W0, T; Hp,.),
0<h<1,andlet ugp, € H}, ()%, uyp € HS..(Q)? such that

per per
DW(thoﬁ)edud:i% = D2W(thOﬁ)thl?hed‘xd:i% = 0,
(D2w(th0,h)th2,h + DBW(V}LUO,}L)[V}LUL}L, thl,h]) ed‘xd::l:% = 0,
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and

1 1
- - < MR (3.6
’hffh(uo,h) " +kfznof’if2 <h5h<ul+k,h)au2+k,h>HHQ_hO < . (3.6)
ma (1102 fuliollze + 102 fulwyormy) < M, ()
uniformly in 0 < h <1, where
1 . —~
Ugp = hH_efh‘t:O"‘ﬁlehDW(vhuo,h)y (3.8)
140 L. 2117
ugn = W00 flio+ —5divi (D*W(Vauon)Vaurn) (3.9)
1460 92 1 : 2
ugp, = h "0, fh|t:0+ﬁd1VhD W (Viuon) Vit
1 ..
+ﬁd1VhD3W(VhUO,h)[thLh, Vi p)- (3.10)

If 6 > 0, then there is some hy € (0,1] and C depending on M and T such that
for every 0 < h < hq there is a unique solution uj, € C*([0,T]; L?>)NC°([0,T]; ngr)
of (3.1)-(3.4) satisfying

ul

(8fazuh, V 2.40] hsh(uh)> < Cn'tt (3.11)

max
[v|<2

c([0,7};L2)

uniformly in 0 < h < hg. If 0 =0, the same statement holds with hg = 1 provided
that M s sufficiently small.

As mentioned before, for any fixed h > 0 existence of a solution uy in the func-
tion spaces above is essentially known if [0, 7] above is replaced by some [0,7"(h)],
T'(h) > 0. This follows from the result and arguments in [12]. More precisely, we
have:

Theorem 3.2 Let the assumptions of Theorem 3.1 be valid. Then for any 0 < h <1
there is a neighborhood Uy of 0 in ngr(Q)d and some 0 < T = Tpaz(h) < 00 such

that (3.1)-(3.4) has a unique solution w, € C*([0,T);L?) N C°([0,T); H,,,.). If
Tnaz(h) < 00, then either {up(t) : t € [0, Tinaz(h))} is not precompact in Uy, or

t
li A% w(q) ds = co. 3.12
i IV )y s = o0 (312)

Remark 3.3 Here the neighborhood Uy, can be chosen as
Un = {u € Hye (0" + || (Fon(w), Vi) | oo <},

where ¢ is so small that W € C*(B:(0)) and the coercivity estimate (3.17) below
holds.

We refer to the appendix for comments on the proof.

Because of Theorem 3.2, it only remains to show the uniform estimate (3.11) in
Theorem 3.1. To this end suitable h-independent estimates for the linearized system
will be an important ingredient. This is the purpose of the following section.
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3.2 Estimates for the Linearized Operator

Recall that z = (¢,2') with the convention that zp = ¢ and z; = z; for j =
1,...,d— 1 and VZ :Vm/ = (Bt,fo).
Let up for some 0 < h <1 be given such that

1 1
(hah(azuh),thah((?;*uh)) < Rh (3.13)

max
[v]<2

c([0,7};L2)

where R € (0, Ro] for some 0 < Ry <1 to be determined later. For the following
we denote
I llve = ICF Vi) lro, Ngllun = (g, Vig)ll 2,
where f € V(Q2), g € HY(Q). Of course || f|lv < |fllv;, and [|gllz: < |lgllin for all
0<h<1.
We note that (3.13) and Korn’s inequality (2.6) imply

1 1
max <83thh, azeh(uh)> + max (8;thh, 838h(uh)>
<1 h ooy <2 h (0T}
1
+ max (Bzvhuh, 8;’5h(uh)> < C1Rh (3.14)
<3 h C((0TL?)

for some C7 > 1 depending only on the constant in the Korn inequality. Because of
V() — L>*(), cf. Lemma 2.3, (3.14) implies in particular

< MRh, (3.15)
c([0,T];L>NV)

1
IV nunlleqozpmy + H (aun, ontun)

where M depends only on 2. Here we have used that HV}%U”LQ(Q) <C Hv%ah(u)HLQ(Q)

due to Korn’s inequality. Recall that W(A) = W(I + A) for all A € R4,
In order to evaluate DW(thh), we will assume that Ry > 0 is so small that
W e C*(Bup,(0)) and MRy < e, where ¢ > 0 is as in Corollary 2.7.

Using (3.15) and (2.15), we obtain

1,
: /o (D3W(7thh(t))[vhuh(t)7vh”]’vhw)m(ﬂ) i

h2
1 1 1 1
< C(/)E H (thh; hsh(uh)> ’hEh(v) ’hEh(w)
V(Q) L2(Q) L(Q)
1 1
< C()R‘ —ep(v) ’Eh(w) (3.16)
h 2@ 1A 2(9)
uniformly in v, w € H;GT(Q)CZ, 0<t<T,0<h<1.
In particular, we derive
1 — 1 =~
ﬁ(DQW(VhUh(t))vh% Vhv)p2q) = E(DQW(O)VW, Vhv) L2
— D
+h2/0 ( W(TVhUh(t))[VhUh(t),th],VhU)LQ(Q) dr
1 2
> (co = CoRo) || 5-en(v) :
L2(Q)
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uniformly in v € H! (Q)¢, t €[0,T], 0<T < o0, 0 < R< Ry, 0<h <1, where

per
co > 0 depends only on D?W(0) and €. Hence, if Ry € (0, 1] is sufficiently small,

we have
1 2
th(v)

1 — ¢
f(DZW(thh(t))Vh’U,VhU)L2(Q) > (3.17)

0
h? 2

L*(Q)
for all v € Hy, ()%, t €[0,T],0<h <1,0<R< Ry, and uy, satisfying (3.14),
where ¢y is as above and depends only on D2W(O) and 2. — We note that the
same conclusion holds if || (& (ua(t)), vhuh(t))HLoo(Q) < eh for € > 0 sufficiently
small. In particular, if Ry > 0 is chosen sufficiently small, (3.14) implies the latter
condition. Hence, if U}, is as in Remark 3.3, (3.17) holds for every up(t) € Up.

By the same kind of expansion for D?W and estimates one shows

1
: (3.18)

1 N
ﬁ(azj D*W (Vun(t)) Vi, Viaw) r2(q) ep(w)

<C'R H}llah(v)

L2 L2

for all v,w € Hp. ()%, j =0,...,d — 1 uniformly in 0 < h < 1, t € [0,7],
0<R< Ry, 0<T < o0.

Remark 3.4 We note that a similar coerciveness estimate plays an important role
in [19], where the stationary setting is considered. But there a scaling, which scales
V'(z) and vy(x) differently, is used.

To obtain higher regularity, we will use:

Lemma 3.5 Let k = 0,1. There are constants Cy > 0, Ry € (0,1] independent of
R € (0, Ro] such that, if w € H?(Q)? with Vaw € H*(Q) if k =1 solves

h2 leh(D W(thh( ))Vhw) = f m D/(Q)

for some f € H*O(Q), t € [0,T], and 0 < h < 1 and Vyuy satisfies (3.14) for
0 < R < Ry, then we have

1
[(gemvte)| | <a (Hth\HkvO(Q) +gentw)] ) C (319
() H1TR0(Q)
If additionally .
€q D2W(thh(t))vhw]$d:i% = 0, (3.20)
then )
max (V;L+jw, Vjeh(w)> ‘ < Coll fll mo(0)- (3.21)
j=0,1 h HF0(Q)

Proof: Let 0 < Ry <1 be at least as small as above. First of all,
— 1 — —
div, (D*W(0)Vyw) = Eéxd(DZW(O)Vhw)d + divy (D?*W(0)Vyw)'

1 o~ 1, o~ .
= D*W(0)07 ,w ® eq)a + E(DQW(O)axd(Vx/, 0)w)q + divy (D?*W (0)Vyw)'
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term consists of terms of V,/Vjw. Moreover,

where A" = (aij)i=1,.dj=1,.a-1 for A € R4 We note that the second and third

(D*W(0)92 w® eq)a = MO, w

for some symmetric positive definite matrix M , which follows from the Legendre-
Hadamard condition (3.5). Hence

%aﬁdw — M (divh (QVpw) — %(Qazd(vx,, 0)w)y — divx/(QVhw)’)

for Q = D?W(0) and therefore

HRO(Q)

< G <‘ div, (D2W(o)vhw) HHWQ) + ||vx/vhwy|Hk,0(Q)> .

Thus Korn’s inequality and Haxd%gh('UJ)HHk,O(Q) < ||[V3w| gro(oy yield

| (735

< Co<)

Next we use that

Hk,O(Q)

Vz'1€h(w)‘

div, (DQVIN/(O)Vhw) )

+|ves

. (3.22)
HkO(Q)

Hk,O(Q)

dth (DQW(V}LU}L)V}LU))
—~— 1 —~—
— div, <D2W(O)Vhw> + / divy, <D3W(thuh)[vhuh,vhw]) dr
0

= div, (D2W(0)vhw) + divy, (G(Vaun) [V, Vawl)

where G € C°(B.(0); £L3(R?*?)) for some suitable ¢ > 0. Hence, if k¥ = 0, Corol-
lary 2.5 implies

|G (Vrhun)[Viun, Viw] ||,
< CIG(Vhun) v, IVaunllv, [ Viwllin < CRo || (Vaw, Viw) ||, -

where ||f|lv, = [[(f, Vif)| 1o and we have used (3.14). Similarly, if £ =1, Corol-
lary 2.5 yields

|G (Vaun)[Viun, Viw]||v,

< CIG(Vhun) v IV hunllv [V awllv, < CRo ||(Viw, Viw) || 0 -
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Therefore

Hdivh (D2’m7(0)vhw) Hm,om)

< ( dive, (DQW(vuh)vhw)

[
+ IVa(G(Vaun) [Vaun, Vaw)) || groq)

(}llgh(’w), V%ﬂ’) ’

for k = 0,1. Combining the last estimate with (3.22) for sufficiently small Ry €
(0,1], we obtain (3.19).
Now, if additionally (3.20) holds, then
1
h?

< Hh2fHHk70(Q) +CRo (3.23)

H*-0(Q)

(D*W (Viun)Vaw, Vap) 2 = (f,9) 12

for all ¢ € H;GT(Q)d. Hence, choosing ¢ = 8578;51110 with wyp = w — ﬁfgwdaj

and || < k, |y| < 1 and using integration by parts, we obtain by (3.17), (3.18),
(3.19), and (3.24) below

1 2
97,05, —en(w)

sup
1B|<k,lv|<1 12(Q)
1 1
< C . max‘aszw H +CRH5 w ) max ||97, =ep (w ‘
< Gollfllao) i<t 172 llro@) h () mr@) hist]] ©h (1) HF0(Q)
1 1
< HfHHk,O(Q)—l—RHsh(w)H max az,eh(w)‘ .
h mro() ) Pt R HEO(Q)
Thus, choosing Ry sufficiently small, we obtain
1
E5h(w) < Coll fllzro(e)
H1+k,0(Q)
with Cy > 0 depending only on 2. This finishes the proof. |

Lemma 3.6 Let Vuy(t) satisfy (3.14) for some 0 < h < 1, t € [0,T], and 0 <
R < Ry, where Ry € (0,1] is so small that all previous conditions are satisfied.
Then

1
h?

(02 D2 (Vs (1)) Vi, th)Q’ <CR Hleh(w)H (3.24)

L2(Q)

*Eh(v)

h h

‘ 1

HIBI-1(Q)
if 1<|8] <2 and

1
h?

(02 D*W (T (1)) Vi, vhv)g\ <CR Hlsh<w>

- (3.25)

L2(Q)

Eﬁh(v)

‘ 1

V()

if |B] = 3.The constants C' are independent of Vpup(t), w,v,h,n, R.
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Proof: If |5| = 1, then (3.24) is just (3.18). Next let |5| = 2. Then for j,k =
0,...,d—1

8,0, D*W (Vyup) = D3W(Vyup)[0s;0:, Viup)
+D4W(thh) [3Zj Viun, 0z, Viun),

where

1
V.—en(up)

1
0.0, —cn(up) .

Zj Zkh

S CYO S C(] Rh

V()

due to (3.14). Together with (2.16) the latter estimate implies (3.24) in the case

18] = 2.
Finally, if |3| = 3, we use that

HLO(Q)

0.,02,,05, D*W (Vyup) = D¥W (Vyup) (0,0, 02, V]
+DAW (V3up) 0,02 Viun, 0z, Viup)

+DAW (V3up) [0, Vi, 92,0, Viup)

+DYW (Vi up)[02 V iun, 05,05,V yun]

+DW (Vup) [0z, Viun, 0z, Vaun, 0z, Viup]

Since V,Vjuy € L®(Q) and V2Vyuy, € HY9(Q) — L12(Q) are of order CRh due
0 (3.14), the estimates of all parts in

= (02D (Vhun) Vo, V)

which come from terms involving D*W or D’W can be done in a straight forward
manner by

1

or|enw)| |en) L)

1
e

LA 2 Hl 2

uniformly in 0 < A <1 and n € Ny U {oco}. It only remains to estimate the part
involving the D3W -term: To this end we use that (3.14) and (2.15) imply

1 —~
o) <(D3W(thh)) [85thh, Vhw], V}ﬂ)) Q‘

C 1 1 1
< llar Loy ) \(hshw), Vi) ]hshm
L2(Q) V(Q) L2()
1 1
< CR' —ep(w) ’z-:h(v)
h vy llh L2(Q)
Altogether we obtain (3.25). ]
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Next we consider the linearized system to (3.1)-(3.4):

1

Ofw =+ divy,(D*W (Vyup)Vyw) = f (3.26)
D*W (Vhup)Vaw Cdlyyes =0 (3.27)

w is 2L-periodic w.r.t. z;,j =1,d—1, (3.28)

(w, Oyw) |,y = (wo, w1). (3.29)

The following lemma contains the essential estimate for this system.

Lemma 3.7 Let 0 < T < o0, 0<h <1, 0< R < Ry be given, and let Ry be as
in Lemma 3.5. Moreover, assume that up, satisfies (3.14).

1. For every f € W(0,T;L?)?, wy € ngT(Q)d, and wy € H;er(ﬂ)d, there is a
unique w € CU([0, T]; HZ.,.(22))* N C2([0,T; L2(2)* that solves (3.26)-(3.28).

Moreover, there are constants Cp,C’ > 1 depending only on Q and W such

that
, 1 1
Ofw, —ep(w), Vg r—en(w) (3.30)
h h C(0,T:L2)
, 1
< Cpe“f <||f||W11(O,T;L2) + H <h5h(w1)»w27f‘t:0) 2)
L
where
1 . —~
wy = pleh(DQW(thh\t:O)Vhwo)+f\t:o- (3.31)

2. For every f € WE(0,T; L)Y nW(0,T; HL,)¢, wo € H3,. ()7, and wy €

per per
H2..(Q)%, there is a unique w € C°([0,T); Hy.,. ()4 N C3([0,T]; L*(Q))? that

solves (3.26)-(3.28). Moreover, there are constants Cr,C’" > 1 depending only
on  and W such that

1 1
max <8t283w, —ep(0]w), Vx,tsh(BZw)>
yl<1 h h C([0.71;L2)
/ 1
< C'RT Y — _
< Cre <I§12§)§ ||az f”Wf(O,T;LQ) + H <h5h(w1)7w27 f‘t-O) ’Hl,o
1
+ H <h€h(w2), w3, atf|t_o> ) (3.32)
L2

where wsy s as above and

1

2 divy, (D?W (V) i—0) Vawi) 4 04 f |i=o-

w3

Proof: In both parts existence of a solution (for fixed h) can be obtained by the
energy method as e.g. in [12].
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Hence the main task is to establish the uniform estimates (3.30) and (3.32). First
of all, we note that (3.26)-(3.28) imply

alt) ::/Qw(t)dx:/Qwodm—l—t/gwldx—l—/ot(t—T)/Qf(f,m)da:dr.

Hence, replacing w(t) by w(t) — a(t) and subtracting from (wp, w1, f) their mean
values with respect to 2, we can reduce to the case

/Qwodx:/leda::/ﬂf(t)da::/ﬂw(t)darzo

forall 0<t<T.

Now we first prove (3.30). To this end we differentiate (3.26) with respect to ¢
and multiply with 92w in L?(Q2). Then we obtain

1d
5% <H8tszi2 h2 (D W(thh)vhﬁtw Vhatw)m)
<

[(@0F,020) ol + 5 |3 (0D (V100 V1w, vhatw)

L2

1 2 2117
tl72 ((@D W(thh))Vhw,Vhatw)Lg %P ((@D W(thh))vhw,vh(‘)tw>L2

in the sense of distributions, where we have used

1

d —
= <2h2 (D2w(vhuh)vh3tw,vh8tw)L = ((atD W (Vhun))Vaw, vhatw)L2>

_ 2dt\|atw||p+(atf,at W)+ 373 ((atD W (Y hun)) Vs, vhatw)L2

+ ((82D2W(thh))vhw, V;ﬁﬂu) . (3.33)

and (3.27)-(3.28). Due to (3.24) we have

1 1 2
hQ‘((atD W(vhuh))vhatw,vhatw)p‘ < CRHheh(é?tw)

9

L2
! (@2 D*W (Vh)) Vo, Vauw) | < CR L (w) 1)
h2 ) t 2 =~ h HI(Q) h t 12
for every t € [0,T]. Moreover, because of (3.24) again,
L (.02 (v \Y Vo,
20 | (DWW (Tun () Vo (), Viduw(r))
1
< OR|enw) o)
h Leo(02) 117 Lo0(0,,L2)
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Therefore the previous estimates, (3.17), and Young’s inequality imply

1 2
sup <8t2w(7),h€h(8tw(7)))
0<r<t L2
9 1 1 ? 2
< CR 8tw,ﬁ€h(w),vx,tﬁgh(w) + CollOcf 11 0,7:2)
L2(0,;L2)
1 2 1 2
+Co <5h(w1),w2> —i—CRHeh(w) .
h % h C(04;2)
Now
1 2 1 1P 1 2
Hsh(w) < Cp | max ||—e,(0]w) + ' —ep(wp) ,
h C((0.4;22) =01 |1 20422 110 L2
due to

I lleqoeszy < Co (1 lwsoasze) + I lolz2) (3.34)
with some Cy > 0 independent of ¢ > 0, cf. (2.4), and
1 1
H (hah(w), Vhah(w))

< Co (Iflcqoarz) + 107wl cqo..02))
< Co (”f”Wll(O,t;LQ) + || fle=oll L2 + ||at2w||C([0,t];L2)>

L>(0,t;L?)

due to (3.21) and (3.34) uniformly in 0 < ¢ < T'. Hence we conclude

1 1 ?
sup <8§w(7'), ﬁeh(w), Vx,th5h(w(7'))>
0<r<t L2
2 1 1 ’
< CR||| 0fw, —en(w), Vg r—en(w)
h h L2(0,t;L2)
. 2
+COHfH%/V1(o ) T Co ||| pen(wr), w2, fli=o ’
1 Ly h L2

where we have used R <1 and (3.31). Therefore the Lemma of Gronwall yields

0w, Lenw), Vartenw) )|
ﬂU,hEhUM m,théhw

c(o,T;L?)
2

/ 1
< Cpet'fT <H <h€h(w1)’ w3, f|t:0>

This shows (3.30).
To prove (3.32), we differentiate (3.26) with respect to z;, 7 =0,...,d —1 and
obtain that w; := d,,w solves

) + ||f||‘2/V11(O,T;L2)> .
L

1

- . = - 1. e
8t2wj—ﬁdlvh(DQW(thh)Vhwj) = fj+ﬁdlvh((ﬁszQW(thh))Vhw)
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together with
D*W (Vyup) Vit Cdlpymt1 = = (5z]~D2W(VhUh)) Vaw e, 1

and (3.28), where f; = 0,,f. Hence differentiating again by ¢, multiplying this
equation with 8t2ﬁ)j, and applying the estimates above with w replaced by w;, we
derive

2

max

ly|<1 h

(838211), l<€h(8;*w), vz,t;ah(a;wo

C([0,7];L2)
2

[v]<1

’ 1
< 0O pax <H <hf—:h(3;’w1), 07 wa, 83f|t:0>
L2

+ ”8;]0”%/{/11(071“’[/2))

2 2 ~
+omax | ((a (0.,D W(thh))vhw> ,atvhwj>QT
+]:énax 75 <(8t(8sz W(thh(t)))vhw(t)> 7atvhwj(t))Q o

with the convention that dyw; := wj;1 and Q7 = © x (0,7"). Here we have used
that

h2 <8tdlvh( (thh)vhwj) + atdlvh ((azj DQW(thh))Vhw) ,315217)3‘)

_ l;«@uﬂwamW@vawm)ﬁ%M@ung

Q

in the sense of D'(0,T). Using

o2 [(asz2W(thh))Vhw] - (asz2W(vhuh)) V2w

42 (8t62jD2W(thh)> Vidiw + (afaszQW(vhuh)> Vw

we obtain with the aid of Lemma 3.6

(af ((@JDQW(thh))Vhw) ,atvhwj)QT

h2

1
+ Hh&?h(&gw)

"

—en(w)

1
< 0R<h;a£w> h

LQ(OyT;V)>

Therefore this term can be absorbed in the left-hand side with the aid of the Lemma

L2(Qr) L2(0,T;H")

1 -
EEh(atwj)

12Qr)
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of Gronwall. Moreover,

1 2’\/ ~ T

= (at ((asz W(thh))vhw) ,atvhwj)Q _
1 1 1

< CR Heh(&;w) —|—H6h(w) '5h(8t62].w) ,
h Lo°(0,T;L2) h Loo(0,T;H?Y) h Lo°(0,T3L2)

where the terms in (...) can be estimated by (3.30). Thus applying Young’s in-
equality this term can be absorbed too.
Combining the last estimates yields (3.32). ]

Finally, we consider (3.26)-(3.29) with f replaced by —divy, f1 + f2 in its weak
form, namely:

1 N
—(Oww, 0ip)or  + ﬁ(DQW(thh)Vhw, Vie)or
= (/1. Vap)or + (f2.9)Qr + (w1, 0li=0)wy w;,  (3.35)
w is 2L-periodic w.r.t. z;,j=1,...,d -1, (3.36)
w|t:0 = wyp. (3.37)

for all ¢ € C*([0,T7; Hp,.(2)?) with @|,—p =0, where Qp = Q x (0,7).

Here and in the following we denote by Wy(€) the space ngr(ﬂ)d N A{u :
Jou(z) dz = 0} equipped with the norm

1

l[ullw, @) = Hhah(u) . ue HY(Q)?

L*(Q)

and W} () its dual space with norm

cu € HE(Q) with Hilzeh(u)

:1}.
12

Lemma 3.8 Assume that uy satisfies (3.14) with R € (0,Ry] and some given
0 <h <1, andlet Ry € (0,1] be so small that (3.18) and (3.17) hold. Let w €
CO([0, T]; HY(Q2)) N CL([0, T); L2())¢ be a solution of (3.85)-(8.87) for some f1 €
LY0,T; L2(Q)4%9), fo € LY0,T; L)), wo € L2(Q)?, and w; € H;eT(Q)d and
let u(t) = fotw(r) dr. Then there are some Cy,C > 0 independent of w and
0 <T < oo such that

1
[ v
h C(0,T};L2)

< Coe® T (| fillro i) + 12l + hwoll e + lwllwy o) ) - (3:38)

1w sy = sup{\<f, S

Furthermore,
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Proof: Let 0 < 77" < T and define ap (t) = —ftT/ w(T)dr. We choose ¢ =

X0, in (3.35) (after a standard approximation). Then

*||w(T')HL2 + QTLQ(D W (Vhun)Vair (0), Vatr (0))a

1 - -
= 2h2((3tD W (Vhup)) Vi, Viir)Qp — (f1, Viir )@ — (fo, 1) Qy.

—(wy, w7 (0))wy wy, + §||w0||%2(9)-

Hence (3.17), (3.18), and a7/ (0) = —u(7") imply

2 2

1
(T ey + | pentu(r) + Ol

L*(Qqv)

<CR HhEh(UT/)

L2

1
+0 (Illporiag) + Ilsozan + ol ) |en)

c((o,17;L2)
for all 0 <T" <T. Since uy (t) = —u(T") 4+ u(t), we obtain
1 2 1 2 1 2
HhEh(ﬂT/) < Hh&‘h(u) +71 Eé‘h(u(Tl)) .
L*(Qqv) L*(Qqv) L2 (Q)

Hence there is some x > 0 independent of R € (0, Rg], h € (0, 1], such that

2 2

%%(U)

<CR thh( )

ol o+

C([0,T7];L2) L2(Qr)

+Co (Ilwoli3aqey + Nl oy + 121 iz + 1o lBomesy
provided that RT” < k. By the lemma of Gronwall we obtain (3.38) for all 0 <
T < oo such that RT < k. Now, if 0 < T < oo with RT > k, we apply the

latter estimate successively for some 0 = Ty < T} < ... < Ty = T such that
R(Tj41 —Tj) <k, j=0,...,N—1,and N <2Rx 'T. Hence we obtain

1
H (U), 5/1(“’))
h C((0,T];22)

< @V (I fillaoriag) + Il mize) + lwoll e + lwilwy e )

where

(Co)N < exp (267 ' InCyRT) < exp(C{RT)

since N < 2Rk~'T. This implies (3.38) for some modified Cy,C independent of
R € (0,Rp], h € (0,1], 0< T < 0. ]
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3.3 Uniform bounds and Proof of Theorem 3.1

For the following we assume that 6 > 0, 0 < T < 1, and u;p,j = 0,...,4, fp are
as in Theorem 3.1. Moreover, we assume that Ry € (0, 1] is so small that all the
statements in Section 3.2 are applicable. — Note that 7" < 1 is not a restriction for
the proof of Theorem 3.1. By a simple scaling with 7! in time ¢ and h we can
always reduce to this case changing M > 0 by a certain factor depending on T if
necessary. (Of course this finally influences the smallness assumption of hg > 0 in
the case 6 > 0 and the smallness assumption on M if § =0.)
Moreover, let Cr, > 1 be the constant in Lemma 3.7. Then (3.6)-(3.7) imply

1

W([0,T);L2) + Hheh(uo,h)

1
Egh(uk—f—l,h)a Uk42.h

max HhH@agth
lvl<2

HY(Q)

< Mhtt? (3.39)

+ max
k=0,1,2

Hmw(m

where M = CoM for some universal constant Cy > 1. If 8 > 0, we can find some
ho € (0,1] (depending on M) such that R := GC’Lth < Ry. If 6 =0, we assume
that M > 0 is so small that R := 6C’LM < Ry. In this case we set hg = 1.

Let wuy, be the solution of (3.1)-(3.4) due Theorem 3.2.

Since up € C*([0, Thnaz(h)); L?) N CO([0, Tynaz(R)); H*), there is some maximal
T' =T'(h) € (0, Tinaz(h)) with T/ < T such that

max

< 6CL MR, (3.40)
[v[<2

h C(0,T7];12)

<a,?a;uh, %ah(a;uh), vx,tlgh(a;uh)>

We note that such a maximal 77 < Tp,(h) (with T < T') exists since as long as
(3.40) is valid for some 7" > 0 wy, cannot leave Uy, where Uj, is as in Remark 3.3,
and

T/
| 192 Ol oyt < .

More precisely, (3.40) and V(Q) < L*°(Q) first imply that
Tl
/ HV;,;/,thuh(t) HLOO(Q) dt < oo.
0

But then fOT, 102 up(t)|| oo () dt < oo follows from the equation (3.1) and standard
elliptic theory or the same arguments as in the proof of Lemma 3.5.

Moreover, we note that as long as (3.40) is valid, uj, satisfies (3.13) and we can
apply Lemma 3.7.

Now we use that w{b = 0yup, j=0,...,d =1, solves
1 — 4 _
Ofw), — ﬁdwhDQW(th)Vhw% = 0., fph'™? I Qx(0,T) (3.41)
D2W(thh)vhwied = 0, (3.42)
Tq—

1
2
wl is  2L-periodic in z;,j =1,d — 1, (3.43)

(w, 3%%)) = (W), wl,) (3.44)



with wéh = Oz;upp, k=0,1if j=1,...,d—1 and w%h = Upy1,,- Hence applying
Lemma 3.7 we obtain

o
max < 2C’LeC/Mh Mnpto

|v|=1,2

(afaguh, 0 L e (un), vx,ta;;sh(uh))

C([0,17};L2)
uniformly in 0 < h < hg. Due to (3.39) and
t
Viun = Viuo +/ Vywp(r) dr,
0
we conclude

< 4C’LeC/Mh6 Mt
C([0,77];L2)

max

<2 “h

(8383%, 8;%6;1(1“1), nyta’yleh(uh))

If & > 0, we can now choose 0 < hyp <1 so small that

< 5CLMhT? (3.45)

(8?83%, 3;%5}1(1%), Vx,tazlsh(uh))

[v|<2 c([0,17);L2)

uniformly in 0 < h < hg where 5CLMh8 < Ry. If 8 = 0, then we choose M = CoM

sufficiently small to obtain the same estimates. Since uj, € C4([0, Trhaz(h)); L?) N

CY([0, Thnaz(h)); H*), we conclude from the definition of T’ that 7" = T'. (Otherwise

there is some T € (T", Tynaz(h)) such that (3.40) holds with 7" instead of 7".)
Therefore Theorem 3.1 is proved.

4 First Order Asymptotics

Throughout this section we assume that

fn(@,t) = <g($ol’t)) ;

for some given g € ﬂ;’zo W0, T; Hyd (=L, L)?1)) independent of h. For
simplicity let W (F) = dist(F, SO(d))?, which implies D?*W(0)F = sym F. As
seen in the proof of Lemma 3.7, we can assume without loss of generality that
f(—L,L)d71 g(a',t)dx’ =0 for all ¢ € [0,T]. Moreover, we assume that 0 < 6 < 1.

In this section we construct an approximate solution to the d-dimensional system
(3.1)-(3.4) with the aid of a solution to a (d — 1)-wave equation. The ansatz for
such an approximate solution is

~ o 0 0 240 —:ch:C/v(a:',t) 340
ap(x,t) = h (hv(x’,t)>+h < 0 + O(h>™).

Then

004V v(2’,t) 0

I 0)
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and therefore
EM1d +ap(t)) = / (W(vhah(x, £)) — h2gp(a’, )R+ 0u(2, t)) dz = O(R*+29)
Q

since f, = hP, cf. Introduction. In order to get a solution of (3.1)-(3.4), where
(3.1) is solved in highest order, suitable higher order corrections have to be adapted
and v will be determined by a (d — 1)-dimensional wave equation. Moreover, we
will determine suitable “well prepared initial data” (ugp,u1,,) (independence of the
initial data for v) such that Theorem 3.1 is applicable and yields a solution uy of
(3.1)-(3.4). Then we will be able to show that uy — iy, is of order O(h'*+2%).

More precisely: Let v be the solution of the (d — 1)-dimensional wave equation

1
OFv + EAi/v =g in (=L, L)1 x (0,7),
v is 2L-periodic in z;,j=1,...,d—1,
(v, 04v)|t=0 = (vo,v1) in (—L,L)%1

where vg € H2.((—~L,L)*1),v; € H® ((-~L,L)*1). By standard methods the

per per
latter system possesses a unique solution

v € ﬂ CI([0,T); H2-%((—L, L)41))

per
Using v, we define an approximate solution  of (3.1)-(3.4) by

- ! 1 3 - 7T / !
ip(z,t) = h <}?U) +h2+9< xdovf” U) 1 pAto <( 37d 9061)V A, v)

0
+hOt? ( 1.2 1.4 2 )
(48%2 — 21%4 — 51 16)A v

Then
_ 0 —Vuv —24V30 h(z:— DV ALv
_ 146 T 240 dVy d 1 o/ By
Vatn = h (VMT 0 > th < 0 0
Ao (%mg - %xd)V%AI/v 0
0 (dra — 1aAZo
h5+9(12 140 T A2 0>-
(%% — 3172 — 3a75) VorAgv 0
Hence
h
~ 12460 «'Edv ;U 5( )V A '
€h(uh) =h (g( - *)VTAQ;/’U h ( 4$d _ *.’L'd)A2/'U
Ao (h ) (Q%fﬁgl—zfd)v Ay ’}} ) %(485331 214353 2416)V 'A )
Q(R d 24l‘d )v:v A:v’v 0
and therefore )
Egh(ﬂh)ed\zd:i% =0. (4.1)
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Moreover,

1 —_— ! ! !
divpen(iy) = h9< h( aVar Bart + TaVs A Y >

h z%— HA20 + h(5; — L22) A
o (e Tt s B v
5 (4825 — 33%q — 24~16)A9c’v

0
it ( ) + T,
HA2,

7l c2qo,7,22(0)) < CR*TO.

where

Thus 4y, is a solution of

1 N
O}, — 5 divy (D2W(o)vhah) = R mQx(0,7),  (4.2)
(DQW(o)vhah) el =0,
xd:i§
up is 2L-periodicin zj,j =1,...,d — 1,
(@p, Otip)|;—g = (Uo,n, U1,n),
where
- 0 —2q4V v; (123 — 1oV Apv,
. _ 1+6 2+6 dVaz'Vj 440 3&tq = z4d) Vo' RV
siate) = w0 () ne (TG e (WG
+h5+0<1 2 1 40 2 )a 7=0,1,2
(1522 — 21%a — 1. 16)A 1Uj
vj = vah:o, and
71l o2 o, rp:n2(0)) < CRZTY. (4.3)

We will compare this approximate solution with the exact solution of the d-
dimensional system (3.1)-(3.4) for an appropriate choice of initial values.

Theorem 4.1 Let 0 < 0 < 1, let v, v1, fn, Uon,Ur1,n and @y be defined as above.
Then for some sufficiently small hy € (0,1] and h € (0, ho] there are initial values
(uo,h,u1,p) satisfying (3.6) and such that

1

- < h1+20.
. <C

L2(Q)

max

jnax en(tjn)

en(ujn) —

i

Moreover, if uy, is the solution of (3.1)-(3.4), whose existence is assured by Theo-
rem 5.1, then

S Ch1+26'

H <3t(uh — ), %%(Uh - ﬂh))

L (0,T;L2)

for all 0 < h < hg and some C > 0 independent of h.
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Proof: We construct the initial values (uqp,u1,,) such that (ugp,u1p,usp) solve
the system

1

5 (DW(Vhuon), Vagda = (0 falio, 0)a = (uzp,9)a,  (44)
1
ﬁ(DQW(vhUO,h)vhul,havhSD)Q = ("9 fuli—o, ¥)a — (usn,9)a  (4.5)

and

1
?(DQW(vhUO,h)vhUQ,m Vipla = <h1+96t2fh’t:0 — U4 p, SO)Q

1
“h2 (Dgw(vhUO,h)(thl,h, Viuip), Vhso)Q (4.6)

for all ¢ € lLII%M(Q)d7 where

0 —2qV oy ,
Upijp = TP (U2H) 4 p2to ( xq S’U2+J> . j=1,2, (4.7)

and voyj = 87 Jv|i—g. Hence [usijpde =0 for j =1,2 and

—:L'dvg/'l)g 0)

1
pen(an) = W1 ( 0 0

In particular, this implies

where we note that f is independent of x4. Because of Proposition 4.2 below,
(U0,hs U1, p, U2 p) exist for all 0 < h < hg if hg € (0, 1] is sufficiently small and satisfy
(3.6) and

< Ch**Y,

1
(1 om0 490 il

s,

max
§=0,1,k=0,1,2

1
<VJ E?:h(uk,h)a V%“k,h) H < Ch'fY,

H2-k,0

In particular, ujn, j = 0,...,4 satisfy (3.6) and (3.8)-(3.10). Moreover, we have

that ) .
[max, ‘hEh(uj,h) — Egh(uj,h)

< Ot (4.8)
L*(Q)

because of Proposition 4.2 below again.
Now let uy, be the solution of (3.1)-(3.4) due to Theorem 3.1 and consider wy, =
Oyup, — O¢tiy,. Then wy, solves

1 —
—(Oywp, Orp)r  + ﬁ(D2W(vhuh)vhwh7vh‘P)QT_(wl,h,@’t:O)Q
1 —~ —~ N
= 52 ((D*W(Vaun) = D*W(0)Vidhin, Vo) = (Ourn )
T

wp, is  2L-periodic w.r.t. zj,j =1,...,d — 1,

Whit=0 = WQ,h-
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for all ¢ € CY([0,T]; HL, (Q)%) with @li—r = 0, where w;, = uiijp — G14jn,

per
j=0,1, and rj, satisfies (4.3). Moreover,
1 = -
= ((D W (Vhun) — D2W(0))Vh8tuh,vhg0)ﬂ‘
1 . 1
< 7| gentan L) e
Lo (0,T;L2) L>=(0,T;V) L2(9)
1
< Ch1+29 *Sh(@)
h 12(2)
due to a similar estimate as in (3.16). Hence Lemma 3.8 implies
1
<at(uh — Up), ~en(up — ﬂh)) < Cpt
h L (0,T;L2)
since |lwjpllz2 = O(R'2%) for j =0,1. This proves the theorem. |

Proposition 4.2 Let 0 < 6 < 1, let uy be defined as above, uj;), = 8gﬂh|t:0,
J=0,1,2, and u3p,usp be asin (4.7). Then for some sufficiently small ho € (0,1]
there are initial values (ug p,u1 p,u2p) satisfying (4.4)-(4.6) such that

-1
max VI —ep(upn), Viu ) < Ch'*?,
j=0,1,k=0,1,2 < h a k’h) hkih H2-k0(Q) -
1 1
max ||—ep(u;p) — —ep(t; < Cp't+?0,
7=0,1,2 ‘h h( J’h) h h( j7h) L2(Q) B

for all 0 < h < hg and some C > 0 independent of h.

In order to prove Propositions 4.2 we have to determine ug; in dependence of ugy, .
To this end we will use:

Proposition 4.3 Let 0 < h
such that for any f € H20(
unique solution w € H2’2( )d

< 1. Then there are constants Cy > 0, My € (0,1]
)¢ with ||f||H2,o < Moh and [, fdx = 0 there is a
NHYY () with [,wdz =0 such that

h2 DW (Vyw), Vh‘P) = (f,9)r2) (4.9)

for all p € HL, () and

per

(Gen(0). ¥ pn(w). Vo )|

for some Cy > 0 independent of h, f. Moreover, if f' € H>9(Q)® with ||f'|| gzo <
Moh and w' € H>2(Q)4 N HAO(Q)? is the solution of (4.9) with f' instead of f,
then

< Coll fll z20(0)- (4.10)
H20(Q)

H (;%(w — ), Vyen(w — w'), Vi(w - w'>)' < Gollf ~ fllieo(4.11)

for some Cy > 0 independent of h, f, f’.

2,0
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Proof: First of all (4.9) is equivalent to

1 —~
(Lnw, @) w, = w2 (D2W(O)Vhw,Vh<P)L2(Q)

1
= ([ 9)rx) = 72 (G(Vaw), Vip)ra(g)

where G is defined by

DW(Vau) = D?*W(0)Vhu+ / 1D3W(thu)[vhu,vhu](l—7) dr
0
= D?W(0)Vpu+ G(Viu). (4.12)

For the following let Gy (w) := 5G(Vyw).

We will prove the proposition with the aid of the contraction mapping principle.
To this end we note that for every f € H*O(Q)?, k = 0,1 and F € HT*0(Q)dxd
there is a unique w € H},,.(Q2)? with Vw € H*9(Q) such that

per
(Law, @)wr w, = (f,©)r2) + (F, Vap)2(0) (4.13)

for all ¢ € H ,{(Q) because of the Lemma of Lax-Milgram, Korn’s inequality, and
since Lj commutes with tangential derivatives. The solution satisfies

|

for some universal Cy > 0. Moreover, if F' € H;ET(Q)dXd with VI € H*9(Q), then
(4.13) implies

1

en(w)

< p—
Hw(m_00(\|f\|m,0(m+HFHHEH,O(Q)), k=01 (414)

—%divh(DQWN/(O)Vhw) = f—div,F  inD'(Q).

Therefore w € H?(Q)? with V2w € H*?(Q) by standard elliptic regularity. Hence
Lemma 3.5 together with the previous estimate imply
1 1
H (hgh(w), Vﬁah(w), V%Lw) H

< Co (Il(£:h2VaF) | uogqy + 1F N grenoqy ) (4.15)

HFO(Q)

for £k = 0,1 and some universal Cy > 0. Using estimates based on Corollary 2.7,
which are similar to the ones in Lemma 3.6, one derives

1Gh(w1) = Gn(wa)ll 20y < CMo

1
th(wl — wa)

V(Q)
for some C' > 0 provided that
1 1
max <5h(wj), V—en(wj), V%wj> H < 2CyMyh, (4.16)
7=1,2 h h HLO(Q)
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where Cp > 0 is as (4.14) and M, € (0,1]. Here we note that

1
6kah(wj) = —ﬁDG(Vhwj)Vhakaj,
1
azkazlGh(wj) = —ﬁDG(Vhwj)Vhdckaxle
1 —~
—ﬁD?’W(Vhwj)[Vhamkwj, Vhé?xl wj]

forall k,l =1,...,d—1, j = 1,2, where DG(Vjw;) = D*W(Vjw;) — D2W(0).
To estimate the DG-terms one uses (2.15) (which yields estimate similiar to (3.16))
and to estimate the D3W -term one uses (2.16).

Furthermore, using Corollary 2.5, one shows in the same way as in the proof of
Lemma 3.5, that

W[V (Gh(wr) = Gh(w2)) o) < CMo || (Vi (w1 — w2), Va(wr — w2)) | ;10

for some C' > 0 provided that (4.16) holds. Hence, if My € (0,1] is sufficiently
small, we obtain that L}:lGh: X, — X}, restricted to Bac,a,n(0) is a contraction,
where X} is normed by

1 1
s, = | (entw) Vet Vo )|

HL0©Q)

Therefore we obtain a unique solution w solving (4.9) and satisfying (4.10) and
(4.11) with H2%(Q) replaced by H%(2). In order to obtain (4.10) and (4.11), one

can simply use that w; := 0,,w, j=1,...,d — 1, solves
1 2777 1
ﬁ (D W(vhw)vhwja vh%@) L2(9) = (axj /5 SD)LQ(Q) for all Y E Hper(Q)
and apply Lemma 3.5. [

Proof of Proposition 4.2: Let L, X} be as in the proof of Proposition 4.3.
First of all, (4.4)-(4.6) are equivalent to

1
ﬁ(DQW(tho,h)thLh, Vie)a = (W0 fulizo, ©)a — (usp, @)a (4.17)

and
Lo 140 52
ﬁ(D W(Vpuon)Viuzn, Vie)a = (b 770; frli=0, )a

1

—(uan, ) — 72 (D*W (Vhuo,n) [Vhuan, Viuisl, Vae), (4.18)

for all p € HL, ()¢, where ug) = Gi(uzyp) is the solution of (4.9) with f =

per
R0 f4|1—0 — ua ;. Moreover, because of (4.11),

max 100 (G1(uz,pn) — Gi(uap, )l x, < Colluzpn — upl 20 (4.19)
Y=
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for all ug p,us,, € H29(Q)? with norms bounded by 3Moh and [|A'*0 f|| . o) <

%Moh. Note that the last condition is satisfied for all 0 < h < 1 sufficiently small
if ug p, u’z’h are of order h'*? in the corresponding spaces.
Hence (4.17)-(4.18) are equivalent to

(Lhui,ns P)wywy, = (h 00 fuli=o — uap, @)

1
2

L2(Q)

(DG(Vihuon)Vatrh, Vae) 2y

E(GQ(ulqh/7u2,h)7v<}0)L2(Q)

<Lhu2,h7 80>W,;,Wh =

(W00 fulimo = wan, )

1
~72 (DSW(thOﬁ)[VhULh, thl,h}a vh‘P)

= (h1+03,:2fh|t=o — Uy p, 80)

. h2 (DG(Vhuon)Vauzh, Vig) 2

L2(Q)

. (G3(urp, uan), Vo) 2(0)

for all o € H!,,.(Q)?. As in the proof of Proposition 4.3 we show the existence of a

per
unique solution with the aid of the contraction mapping principle.

Let us first assume that (u1p,ug) is a solution of the system above in order to
demonstrate the essential estimates. Then, because of (4.15), we have that

1
H( n(w1n), Vo en(uin), Vi, h)H
H1L O Q)
< Go <H <u3,h — W00, f, BV G (ua i, U2,h)> HHLO(Q) + |G (v, u2,h>HH2’O(Q)> :

Moreover, using Corollary 2.7 one derives as before

G2 (up, tzn) = Ga(Wh g, us p)ll 20

1 1
< Che (thh(u07h — UB’h) + Hhsh(ul’h — ull,h) )
V(Q) V()
1
< C/he (HUZh - uéthHZO(Q) + HhEh(ULh - ull,h) )
V()

due to (4.19), and using Corollary 2.5 one estimates
(Y (Ga(ur n, ug ) — Ga(uan, uzp))| o)

< W I(Fntto e Vi)l oy < €7 (IVh1lly o

)

Furthermore, because of (4.15),

1
H ( n(u2,n) h5h(u2,h)a v%“Q,h)

L2(Q)

< Cy (H <u47h — W92 F, 2V, G (u p, uz,h)) H + HGg(ul,h,U2,h)HH}1,0(Q)> ;

L*(Q)
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where

1G5 (u1,n, uz,n) — Ga(ui p, u/Q,h)HH}ll’O(Q)

1 1
< Cha (Hhsh(u&h — uf)’h) + Hh&“h(uLh - ull’h) )
V() V()
1
< o (HW N Hhmm,h ) )
V(Q)

and

B2V (G (ur b, ug ) — Ga(ur p, uz.n)) |l 22(@)
< W (Fntto s Vnwn)lly, oy < €07 (IVhunnlly o

: <Q>)-

Altogether we can write (4.4)-(4.6) as a fixed point equation

Ly, (ul’h> = Gn(u1 p,uap),

U2,n
where Lp,: Y, — Zj is linear, bounded and invertible, Gy: Br(0) C Y, — Z,
is Lipschitz continuous with Lipschitz constant of order h't? for all 0 < h < 1
sufficiently small, R > 0, and Y}, Z; are Banach spaces normed by

5 = V] v v
Iy wo)llys, = max ( hgh(wk) " wk> HH? £(©)
— 1 2 .
(g1, 92)lz, = jrr:l??égj:fjlfgi\'hﬂ (H (fj, h VhFj HHQ—J’,O(Q) + HFj”HS*J,O(QO )

cf. (4.15). Hence as in the proof of Proposition 4.3 one obtains for sufficiently small
0 < h <1 the existence of a unique (ujp,ugp) € Y solving (4.17)-(4.18) such that

max
§=0,1,k=0,1,2

(thfh(uk h)s Vlllﬂuk,h) H
H2—k,O(Q)

< 0 (e, 108 oll v+ s Jusoallovo )

This proves the first part.
Finally, we have that

1

3 (En(urh —up).en(p))e = h2 (DG(tho R)Vrutn, Vag)a + (rin, ©)o
1 .
pz(enluzn —d2p),en(p))a = h2 (DG(VhUo n)Vruzn, Vag)a + (r2n, ©)o

(D W (Vruon)Vaui p, Viurpl, Vh@)

K2 L2()
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for all ¢ € H;eT(Q)d, where max;—o1.2|7jnllz2) < Ch'*?%. Here we have used
that

1 B 1 . —
ﬁ(shmj,h)vgh(%@))ﬁ = _ﬁ(dlthzwm)uj,h:@)Q

pito <5gfh!t:0 — U245, by (Pd)Q + (rh, 0)a

= ptt? <3ffh|t=o — U4 s SOd)Q + (1in, P)o

for j = 1,2 because of (4.2), where man:LQHafthC([O’T];Lz) < Ch'*?? ) and
digyjn — gy = O(h1+?9). Moreover,

< Ch1+29

1 1
73 (DG (Vhuop) Vauin, Vag)g 7enl(e)

L2(Q)
‘ 1

2 (DgW(VhUO,h)[VhULh,thLh],VW)Q‘ < Cptt#

%5}1(90)

L2(Q)

for all ¢ € H;ET(Q)d because of estimates similiar to (3.16) and the estimates for

Ug by ULk, U2, - Hence choosing ¢ = ug j, — g, we conclude

1 1
en(in) = en(isn) < CR'*

L*(Q)

ax
7j=12

for all sufficiently small 0 < A < 1 due to (3.17). Finally, using the estimate for
U p, — Uz p, We have that

1 B 1
ﬁ(f‘:h(uo,h — o), en(@))a = —ﬁ(G(tho,h), Vie)a + (ruli=0, ¢)a

for all ¢ € H;GT(Q)d, where |71l co,m;02) < Ch'*?% . Hence using

1 1
5 (G(Vhuon), Vap)g| < O || 2ep(p)
h h 12(0)
and (3.17) we also obtain
L en(uon) — ~en(a < Ch't?
7, €h ug,h) hEh(uo,h) < .
12(@)
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A Existence of Classical Solutions for fixed A > 0

In this appendix we give more detailed comments on how the results of [12] apply
to our situation. First of all, in [12] a quasi-linear hyperbolic system of the form

d
Z@xiF;(t,:L‘,u, Du) = wj(t,z,u, Du) in Q x (0,T), (A.1)
i=0
d .
ZwF}(t, z,u, Du) = g;(t,z,u, Du) on 9Q x (0,T), (A.2)
i=0
(u]t:(), Gtu\t:()) = (uo,ul) in (A3)

is considered, where j =1,...,N, 29 =t, Q C R? is a sufficiently smooth bounded
domain, v is its outer normal, u: Q x [0,T) — RY, and Du is the Jacobi matrix of
u with respect to (t,x).

In our situation we do not have a bounded domain. But the equations on 2 =
(—%, %) x (=L, L)%! with periodic tangential boundary conditions are equivalent
to the equations on the manifold = (—3,3) x (R=1/2L771)  which is a smooth
compact manifold with smooth boundary. — Actually, since the boundary is flat,
one can easily differentiate equations with respect to tangential direction (e.g. using
the difference quotient method) and obtain standard regularity results for elliptic
equations as in the case of a bounded smooth domain. (Proofs even simplify since
no localization is needed.) Many arguments in [12] rely on differentiation in time
and applying standard results from elliptic theory, which can be applied the same
way if the bounded smooth domain is replaced by (2. Therefore all results in [12]
also apply to the case when the bounded domain is replaced by 2.

To obtain our system (3.1)-(3.2) one simply has to choose g; = 0, w;(t, z,u, Du) =
—(fh)jh1+0, and

ow

for j=1,...,N=4d, i=1,...,d. Then the assumptions 1-5 in [12] are satisfied:
Because of

F)(t,,u, Du) = —dyu;, Fj(t,x,u, Du) = (DW(Du));; = (Du),

oo .
ajl:m7 Z,k:O,...,d,j,lzl,...,d,
aé’f = afji and the symmetry assumption 2 holds. The coerciveness condition, i.e.,

assumption 3, is satisfied because of (1.6) and Korn’s inequality. Here we note that
we can choose 6 = ¢ (the canonical unit vector in the time direction) as vector field
in assumption 3. Then the projection P on R¥! is simply the projection given
by (¢,z) — x. Since a?lo = 1, the assumption 4 is trivial. The assumptions 5 is
satisfied because of the compatibility conditions in Theorem 3.1. Finally, assumption
1 is satisfied with s = 3 if one would additionally assume f;, € C3(Q x [0,T]). But
it is easy to observe from the proof that in the present situation with (u, Du)-
independent w; the regularity assumed in Theorem 3.1 is sufficient. In assumption

5 one can e.g. choose U = (=T, T) x Q x R x R? x Uy, where
U, = {A e R4 . }(A, %symA)‘ < sh}
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for some sufficiently small ¢ > 0 as in Remark 3.3. Moreover, for sufficiently small
h>0,if 6 >0, M >0, if 8 =0, respectively, we have that D,ug(z) € Uy, for any
x € Q, cf. Section 3.2.

Altogether minor modifications of the results and arguments in [12] show the

existence of classical solutions for fixed h > 0 as stated in Theorem 3.2.
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